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I. INTRODUCTION 
1.1. General 
Nondestructive testing (NDT) techniques used to inspect 
components in a system or process have been in continuous 
development by engineers because these techniques often allow 
the inspection to be conducted without the necessity of having 
to remove the part from its functional location. Radiographic^ 
inspection methods (both X-ray and neutron) are widely used 
methods of NDT. A long standing goal of radiologists, both 
industrial and medical, has been the generation of a true 
three-dimensional radiographic image. The advantages of a 
three-dimensional image are numerous: Foreign material could 
be located accurately in a homogeneous structure containing 
flaws, the flaws could be profiled with great detail, void 
density studies could be determined quantitatively, tumors 
could be located and profiled, heart volumes could be deter­
mined and many other similar applications. Currently, the 
technique most widely used to view the third dimension from 
a set of roentgenograms is the use of stereoscopy. Stereo­
scopic images do not, however, produce a true three-dimen­
sional image. Stereoscopic images create the sensation 
of seeing the third dimension because the brain fuses 
^The words radiograph and roentgenogram will be used 
synonymously. 
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the images seen by each of the viewers eyes; thus one per­
ceives the third dimension. 
One technique used to view a specified plane in a radio­
paque aolid, using roentgenography, is called tomography^ (1)• 
A tomographic plane is usually quite thin, therefore a number 
of tomograms are required for a complete analysis through the 
depth of a solid. This makes tomographic imaging very time 
consuming and furthermore does not guarantee that the initial 
set of recordings will include the most favorable plane. 
It has been known for some time that a conventional 
roentgenogram possesses the necessary information to re­
construct the entire three-dimensional image. The problem has 
been to reinstate the phase information into the roentgeno­
grams. Holography, because it is a wave front reconstruction 
process, together with geometric optics offers the means to 
reinstate and record this phase information. 
The objective of the research reported on in this dis­
sertation was to develop a technique to generate a three-
dimensional image from a sequence of ordinary two-dimensional 
roentgenographic images such that any tomographic plane of 
interest could be observed; thus, in essence, tomographic 
synthesis. 
^Tomography is the word selected by the International Com­
mission of Radiological Units and Standards as the generic term 
designating all systems of body section radiography. 
Tomography covers methods variously termed laminagraphy, 
tomography, zonography and possibly others. 
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1.2. Specific Problem Application 
One area that presently requires a comprehensive radio­
graphic test is the fuel pins of nuclear reactors. A current 
program of the United States Atomic Energy Commission (AEC) 
is the development of a Liquid Metal Fast Breeder Reactor 
(LMFBR) that uses a hybrid fuel of uranium oxide (UOg) and 
plutonium oxide (PuOg). One experimental reactor being built, 
called the Fast Flux Test Facility (FFTF), will use approxi­
mately 16,000 fuel pins. Each pin must be inspected for end 
closure welding, fuel-pellet condition and proper assembly. 
The FFTF fuel pins, see Fig. 1.1 are 91 in. (231 cm) long and 
0.230 in. (5.85 mm) in diameter. Each fuel pin contains a 
neutron-reflector section, a 36 in. long (91.5 cm) fuel-pellet 
column, a plenum-spring and a tube section. 
The FFTF fuel pin contains pellets (about 4 pellets 
per 35 mm of column length) produced from a sintered plutonium 
and uranium oxide blend. This fuel column must be inspected 
for possible cracking or chipping that may have occurred 
during assembly. In addition, precise knowledge of the fuel 
column length is needed to predict neutron flux levels. 
Verification of the plenum spring tension is required to ensure 
that the fuel has sufficient room to expand during irradiation. 
The location of the neutron reflector material within the fuel 
pin and the integrity of the fuel pin end closure welds must 
also be checked. 
Figure 1.1. Prototypic FFTF fuel pin 
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Once all fuel pins have been inspected individually prior 
to irradiation, they are assembled in a core as shown in Fig. 
1.2. Each core contains 217 fuel pins and each reactor fuel 
area will contain several of these individual cores. From 
the experimental test reactor, potential questions to be 
answered are; (1) Did any of the fuel pellets fracture 
under irradiation? (2) Is there a difference in pellet ex­
pansion as a function of the neutron flux-gradient across the 
fuel area? And, (3) Are end-closure welds still continuous? 
In general, it is desired to have an over-all knowledge of the 
integrity of an entire fuel core. 
Clearly, once the core is "hot" from irradiation, the 
cost of handling such an assembly is extremely high. The 
question then becomes, can a technique be developed that will 
allow inspection of an entire core without the need to destruc­
tively test a core assembly? At the present time, it is 
anticipated that the 16,000 fuel pins will be replaced perhaps 
twice during a twelve-month period. Whatever inspection 
technique is developed, it must provide the capability of a 
high throughput. 
Presently available methods to nondestructively inspect 
an assembly, as shown in Fig. 1.2, seems to be limited to 
ultrasonic and radiographic techniques. Only these two 
techniques seem capable of supplying the necessary penetration 
capabilities. The ultrasonic approach suffers from the 
4,575 Hex 
ire 1.2. Cross-section of a typical FFTF fuel core 
subassembly 
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limitation that the assembly would normally not contain a 
fluid to transmit the energy. Radiography could provide the 
penetration (if high-energy X-rays or neutrons were used), 
but some information processing technique is needed once the 
radiographs have been taken. 
The density of the information, due to the close packing 
and extensive number of the fuel pins in a core, would seem to 
rule out the use of standard stereoscopic techniques. Thus 
techniques have to be developed which permit observation of 
individual stratification within the radiopaque solid and 
resolution of small fuel-pellet cracks. 
Two techniques were to be evaluated: (1) laminagraphic 
techniques because recent developments by Richards (2) and 
Miller et al. (3) had shown potential and (2) holographic 
recording techniques because these techniques too, seemed 
to possess the necessary potential. 
The author of this dissertation, as a summer employee of 
the Argonne National Laboratory, undertook the holographic 
investigation which has extended over a period of more than 
two years. Although the technique presented herein may not 
be the final solution to the testing problem, this work 
demonstrates some of the potential of the holographic tech­
nique as applied to this and similar problems. 
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II. TOMOGRAPHIC THEORY BACKGROUND 
2.1. General 
The generation of a three-dimensional image from a set 
of roentgenograms is a two step process. Initially the in­
dividual radiographs must be recorded using an X-ray, gamma, 
or neutron source and second, the photographically developed 
images must be assembled in some type of information processing 
system such that the dimension of depth can be visually ob­
served. The information processing system used and described 
in this dissertation is holography. It thus becomes necessary 
to give a discussion of both the theory of tomographic imaging 
and a basic disucssion of the theory of the holographic process 
to allow the unfamiliar reader to follow the work described 
herein. 
2.2. Introduction to Tomography^ 
A normal radiographic image is taken with the X-ray head 
(or other source, hereafter collectively included in the term 
X-ray) and the recording cassette in fixed positions relative 
to the object exposure. A typical schematic configuration of 
^During the winter quarter of the academic year 1971-72, 
Dr. A. A. Read, of the Department of Electrical Engineering, 
and the author of this dissertation held many long discussions 
on holography, tomography, stereoscopy and other related topics. 
As a result of these discussions. Dr. Read authored a tutorial 
memorandum on the subject of tomography and related holographic 
ideas. With permission from Dr. Read, much of the material in 
this section follows the discussion in Dr. Read's memorandum. 
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a standard radiographic system which identifies the usual 
radiographic components is shown in Fig. 2.1. The exposed 
radiograph is a two-dimensional shadowgraph of a three-
dimensional object as cast by the expanding X-ray beam. This 
two-dimensional image is composed of the superimposed images 
from all depths within the object. 
A tomogram is also a radiographic image but one taken 
during the coordinated movement of the X-ray head and the 
film. Therefore, only those objects in a distinct plane 
(of small thickness) within the body cast sharp consistent 
shadows. This plane of sharp definition is called the plane 
of focus or the tomographic plane. 
Fig. 2.2 illustrates the basic principle of tomography. 
The X-ray source and recording film move together keeping 
the images of objects in the same horizontal plane, e.g., the 
point object P, at the same position on the film. However, 
this causes the images of objects above and below P, such as 
A and B, to move across the film producing blurs that wash out 
any sharp images they might tend to form. Only the images of 
objects in the same plane as P remain in sharp focus. The 
vertical depth of the tomographic plane depends upon the scan 
angle, 2a, as shown in Fig. 2.2. The greater this scan angle, 
the thinner the tomographic plane. 
Linear scanning, as depicted in Fig. 2.2, has several 
limitations. For example, if A and/or B correspond to 
10 
Electron 
Source 
Focal 
Spot 
X-ray 
_ Beam 
Flaw 
Anode Diaphragm 
X-ray Film Specimen 
Figure 2.1. Schematic of a typical X-ray system 
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radiopaque points or thin lines normal to the scan path, 
they would be blurred out by the scanning motion. However, 
suppose A and/or B were radiopaque thin lines directed 
parallel to the direction of scan. Then they would image a 
line on the film which would have only its extreme ends blurred 
out. The center section of this line could easily be mistaken 
for an object in the tomographic plane. For these reasons, 
other scanning trajectories, such as those illustrated in Fig. 
2.3, are often used. Of these, the circular trajectory 
is fairly easy to implement although the hypocycloidal trajec­
tory produces the best blurring of unwanted planes. 
Most radiographic development techniques have been 
prompted by the medical profession. Littleton and associates 
(4) discuss scanning techniques, advantages of polydirectional 
scanning and summarize the results of multidirectional obscur­
ing movements as well as the advantages of tomography in 
medicine. The following quote is taken from their paper; 
Multidirectional obscuring movements result in 
laminagrams of superior diagnostic quality, which 
surmount the geometric shortcomings of unidirec­
tional blurring. The authors feel that this ro-
entgenographic method permits more precise evalua­
tion of spatial relationships, particularly in 
the skeletal system, and therefore, provides a 
significant diagnostic advantage not heretofore 
appreciated by American radiologists. 
Littleton et al. present five medical case studies that 
demonstrate the great diagnostic value of tomograms over 
diagnostic techniques that use only one or two conventional 
13 
(a) 
Figure 2.3, Three common tomographic imaging scan geometries 
as seen in the plan view. (a) Linear scan in 
both X and y directions, (b) circular scan, 
(c) hypocycloidal scan 
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radiographs. 
A few years before Littleton's paper appeared. Garland 
(5) in a 1959 article on the accuracy of diagnostic pro­
cedures in medicine wrote: 
The lesions missed included: (a) Those obscured 
by bone or soft tissue densities, for example, 
densities behind or merging with rib, hilus, 
heart or diaphragm shadows; (b) . 
Later in his paper Garland also states: 
It is well known that laminagrams also reveal some 
lesions not visible on standard roentgenograms. These 
special techniques are outside the scope of the chief 
considerations in this paper; they are not used 
routinely. 
These comments serve to point out the value of tomography to 
the medical profession if it were easier to implement and 
therefore used more routinely. 
The majority of X-ray sources are pulsed sources that 
operate at the time of the peaks of the power line voltage 
cycles. Thus it is readily seen that a tomogram made with 
such a source is actually a sampled, rather than a continuous 
tomogram. The resultant tomogram in this case is simply a 
composite obtained by the summation on one film of the indi­
vidual exposures of many sample points. This immediately 
suggests that a synthesis of a tomogram could be made by 
processing separate radiographs at each sampling position and 
upon proper alignment of these individual radiographs, do the 
necessary summation after the processing. Additional reflec­
15 
tion also indicates that a slightly different alignment of 
the sample radiographs will yield a tomogram of a different 
tomographic plane. Thus with little additional X-ray 
dosage, enough samples can be obtained to synthesize many 
different tomographic planes within the body of an opaque 
object or subject. This is an important factor when a large 
volume needs to be examined or when the exact location of the 
plane of interest is not known to the examiner. 
Miller et al. (3) indicates that the utilization of a 
set of radiographs to synthesize an arbitrary tomographic 
plane of interest was not recognized until the mid-1960's. 
The first technique used to synthesize a tomogram simply in­
volved spreading the radiographs out on a ground-glass viewing 
table illuminated from below and then arranging them appro­
priately until the tomographic plane of interest came into 
view. This restricted viewing to tomographic planes that 
were parallel to the plane of the radiographs. Once aligned, 
the resultant tomographic plane could be examined visually 
or could be recorded photographically and a new tomographic 
plane then aligned. Miller observed that 8 to 25 radiographs 
were required to produce adequate tomographic resolution; 
the specific number depending upon the part of the body being 
examined. 
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2.3. Tomographic Theory Using Spatial 
Frequency Analysis 
The amount of blurring which occurs on a standard 
tomographic roentgenogram is a function of the complexity 
of the object and the type of scan utilized. Desirable in­
formation relating to the synthesis of a tomographic image 
would be the ability to predict the number of samples needed 
to yield a given resolution both in the z-direction and in 
any given transverse plane of interest. Using spatial coordi­
nates and spatial resolution concepts, quantitative prediction 
is difficult. However, analysis in the spatial frequency 
domain can be shown to yield considerable insight. 
The following analysis is somewhat after Grant (6). 
Plane waves will be used for simplicity to eliminate magnifi­
cation. Fig. 2.4 shows a schematic of an X-ray system with 
plane-wave illumination. A linear scan geometry with 
plane-wave illumination which might be used for generating a 
conventional tomogram is schematically represented in Fig. 
2.5. The exposure of the radiographic film can be written 
as: 
Eg = IgT (2.1) 
where 
Eg = source exposure 
Ig = intensity of the source, watts per unit area, and 
T = exposure time, seconds 
17 
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Figure 2.4. Plane-wave illumination of a simplified object 
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Figure 2.5. Basic tomographic principle shown with plane-
wave illumination (note origin of coordinates 
is fixed on the moveable film plane) 
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The representative object shown schematically in Figs. 2.4 and 
2.5 has two planes: (1) a tomographic plane of interest, 
and (2) a plane to be obscured, P^. Assume hhat each plane 
has a transmission profile which can be written as G^(x,y) 
for the tomographic plane and G^(x,y) for the obscured plane. 
These transmission profiles will attenuate the X-ray source 
strength. Hence the total incident exposure on the X-ray 
film in the film plane will be 
E(x,y) = Eg(x,y)G^(x,y)GQ(x,y) (2.2) 
Diffraction effects can be neglected because they are 
negligible on an ordinary X-ray radiograph. Thus, X-ray 
shadowgraphs are simply a matter of straight line trans­
mission of "rays" through the object. 
Since only one plane is of interest, all other planes 
can, to at least some degree, be "washed out" by the scan 
trajectory as shown in Fig. 2.5. All "washed out" planes 
can be mathematically modeled by a transmission profile which 
represents an average profile of an obscured plane. This can 
be accomplished by integrating the transmission profile over 
the scan path and normalizing by the distance traveled. An 
average transmission profile, (x,y), can thus be obtained 
as 
20 
•+X+A/2 rx+A/2 
G (x',y)dx' G {x',y)dx' 
. Wl^ (2.3) 
dx' A 
•'x-A/2 
where A is the distance of translation of the obscured plane 
in the film plane. The total incident exposure in the film 
plane can then be rewritten in terms of this new average 
transmission profile, G^(x,y), as 
E(x,y) = E^G^U,y)G^{x,y) (2.4) 
The spatial frequency domain analysis can be obtained through 
the use of a two-dimensional Fourier transform (7) as discussed 
in Appendix A. Thus, the space domain exposure, E(x,y) given 
by Equation 2.4, can be analyzed in the frequency domain by 
5'{Ë(x,y)} = 5{EgG^(x,y)G^(x,y)} (2.5) 
Now, let 
F(fjç/fy) = 5"{E(x,y)} 
FtCfjj.fy) = î{G^(x,y)) (2.6) 
^o'^x'V = S{Go(x,y)) 
and assume the source exposure, E^, is a constant across the 
film plane. Equation 2.5 can be written (see linearity 
theorem in Appendix A) as 
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F(fx'V = Es ZtGt(x,y)GQ(x,y)} (2.7) 
but this is seen to be the convolution of |F{G^(x,y) } with 
5{G^(x,y)}. Hence 
F(f^.fy) = Es(Ft(fx'fy)**Fo(fx'fy)] (2.8) 
where ** implies the two dimensional convolution operation. 
Dropping as an uninteresting multiplicative constant which 
can be considered unity one can write 
F(f^.V= Pt(f^.V"fo'«x'V (2-9) 
then 
F|f%'fy)= f't'^x'^y'"^o''x'V 12-101 
and 
F(fx'fy)= I jFt(G'n)FQ(fx-S'fy-n)dgdn (2.11) 
The transform of Eg. 2.3 is written as 
f+"f ifX+A/2 
^o^^x'^y) J ^ÂJ »y)dx']exp(-j2TT(f^x+fyy)dxdy 
(2.12) 
Upon changing the limits of integration of the interior 
integral by letting 
u = x-x' 
and hence, 
du = -dx' 
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the new limits of the interior integral become 
lower limit on u = x-(x- ^ 
,  .  A \  A  
upper limit on u = x-(x+ 
Then 
—  1 f - A / 2  
fo(fx'fy)= J.J''iJw, 'Go'x-U'y'ldul) 
A / 2  
X exp(-j2ir{f x+f y)dxdy 
X y 
or 
r A / 2  
[G (x-u,y)du]} 
- A / 2  o  
, + 00 f _ 
f'ij o X' y 
X exp(-j2Tr(f^x+fyy) )dxdy (2.13) 
If it is assumed that this integral converges uniformly, the 
order of integration can be interchanged yielding 
^o'w=i:acj [G^ (x-u, y ) du ] exp {- j 2 tt ( f^x+f^y) dxdy 
(2.14) 
But the shift theorem, given in Appendix A, permits Eg. 2.14 
to be rewritten as 
where F^ff^yfy) is the transform of the unblurred transmission 
of the obscured plane, P^, and independent of the variable u. 
Thus Eq. 2.15 can be written as 
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fo'fx'fy) = (2.16) 
This can also be written, see Appendix B, as 
^o^^x'^y) =iF{Go(x,y)}Sinc(f^A) = F^(f^,fy)Sinc(f^A) 
(2.17) 
Eq. 2.17 identifies several important aspects about the 
Fourier transform of the obscured plane. First, note that in 
the transform plane, only spatial frequencies in the x-
direction are attenuated because of the factor Sinc(f^A). 
Second, assume that the transmission profile G^(x,y) yields, 
in the transform plane, a fairly continuous spatial frequency 
spectrum. In the transform plane, this continuous function, 
Fg(f^,fy) is multiplied by the Sinc(f^A) function, which 
has greatly attenuated amplitudes, much less than unity, at 
high spatial frequencies, |f^|>l/A. Therefore, the high 
frequency components in the x-direction of the P^-plane will 
be greatly attenuated at the recording film plane. 
Then, rewriting Eq. 2.10, viz, 
and employing Eq. 2.17, the film plane spatial frequency 
content can be written as 
F{fx,fy) = F^(f^,fy)**F^(f^,fy)Sinc(fxA) (2.18) 
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With the previous discussion of the attenuation of the high 
frequency components in the obscured plane. Eg. 2.18 indicates 
that details such as thin lines normal to the x-direction in 
the P^-plane will not interfere with details normal to the x-
direction in the tomographic plane, P^. 
What has been shown is that in the spatial frequency 
domain, the blurring is proportional to the convolution of 
the attenuated transmission profile of the obscured plane with 
the transmission profile of the tomographic plane. It is 
interesting to note that the Fourier transform of the obscured 
plane transmission profile is the product of two functions. 
Then, Eq. 2.17, 
^o/^x'^y) = 2{GQ(x,y)}Sinc(fxA) 
can be rewritten as 
^O^^X'V = (2-19) 
where H(f^) is similar to a transfer function in the spatial 
frequency domain. 
The Sine function, Sinc(f^Â), has the form plotted in 
Fig. 2.6 for various values of à. Note that as A gets large, 
only frequency values close to the origin have significant 
amplitude values. 
Substituting Eq. 2.17 into Eq. 2.11 yields 
Figure 2.6. Diagram showing the Sine 
(a) A = 0.05mm 
(b) A = 0.25 mm 
(c) A = 1mm 
(d) A = 10mm 
function for various values of A 
25b 
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F(fx'fy) 
( 2 . 2 0 )  
Noting that the Sine function has significant amplitude 
values only when its argument is near the origin, i.e., large 
A's, Eq. 2.20 can be approximated as 
Note that Eq. 2.21 is an integral which could be written as 
if the transform of the obscured planes had no spatial 
frequency components in the x-direction. This means that 
details in obscured planes which are normal to the scan path 
will not affect the details normal to the scan direction in 
the tomographic plane. However, also to be noted is the 
fact that details in the scan direction in obscured planes 
are basically unaffected by the scan. 
Previous discussion presented the exposure on film as 
the superposition of a series of exposures from the X-ray 
head and not as an output from a continuous source. In 
addition, the film plane exposure has been shown to be 
represented by Equation 2.4, viz.. 
^t^^x'^)^o(o,fy-n)dn (2.21) 
2.4. N-Sample Tomography 
E(x,y) = Eg(x,y)G^(x,y)G^{x,y) 
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An estimate of the number of samples needed to produce 
a tomographic image can be obtained if the spatial frequency 
domain is again used. 
Assume that a plane wave is used to generate the radio­
graphic image. In the film plane, the Fourier transform of 
Eg. 2.4 is written as, 
'2-22) 
Substituting Eq. 2.17 into Eq. 2.22 yields 
F(f^,fy) = Eg{F^(f^,fy)**(F^(f^,fy)Sinc(fj^A))} (2.23) 
It has been previously shown that the Sine function 
will have significant amplitude values only for small A's. 
However, the length of A has been shown to be z-axis dependent 
and in planes close to that tomographic plane, the small A's 
implies that the obscured plane will interfere with the 
tomographic image plane. For large A's, Eq. 2.23 indicates 
that the film plane transform will approach the transform 
of the tomographic plane, F.(f ,f ). 
u X y 
Realizing that ^ is z-axis dependent, let the minimum 
spatial frequency be equal to the first zero-crossing of the 
Sine function. The maximum spatial frequency will be equal 
to the inverse of the smallest delta which will approach 
infinity. The Modulation Transfer Function (MTF) of the film 
however has finite limits and thus the maximum achievable 
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spatial frequency, f^^, will be at least limited to the cut­
off limit of that particular film which we can define as 
^MAX* Assume that the tomographic plane is band limited so 
that relevant sampling theory (8) can be applied. In addi­
tion, assume that the obscured-plane transmission profile is 
spread over a large delta so that 
F(f^,fy) F^(f^,fy) (2.24) 
In the film plane, the spatial distance, X' between samples 
can be obtained from 
X = § (2.25) 
for N >> 1. 
Now applying sampling theory. 
The translation distance of the obscured plane on the 
film. A, is related to the scan angle, as shown in Fig. 2.7, 
by 
A = 2ÔZ tan a (2.27) 
where a is the scan half-angle. 
Substituting Eg. 2.27 into Eg. 2.26, the number of 
samples, N, can be written as 
N 1 46z tan a (2.28) 
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Film Position 2 Film Position 1 
Figure 2.7. Geometric relationship between A, a and z 
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where 
is the maximum spatial frequency in line pairs per 
unit distance 
ÔZ is the distance from the tomographic plane to the 
obscured plane. 
A plot of the number of samples versus the parameters f^^, 
6z and scan angle is shown in Fig. 2.8. 
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Figure 2.8. Approximate number of radiographs necessary as a 
function of the parameters; scan half-angle and 
film plane resolution 
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III. HOLOGRAPHIC THEORY BACKGROUND 
3.1. Introduction to Holography 
The research described in this dissertation is an appli­
cation of holography. There is very little consideration of 
the holographic process itself because extensive literature 
can already be found on the subject. Holography is treated 
as an optical tool used to reconstruct optical fields and 
images. The holographic process described herein is quite 
simple and relatively easy to perform in the laboratory. Be­
cause a form of focused image holograms are made, high con­
centration of the laser beam permits exposure times of 
approximately 3 seconds. 
For completeness in the work reported on in this . 
dissertation, a brief analysis of the holographic process will 
be presented. This should also allow the unfamiliar reader 
to follow the remainder of the work described. 
Although the field of holography is essentially only ten 
years old, such a vast amount of research has been performed 
that authors need to define what type of holography and what 
technique within a type is being described. Holographic re­
cordings can be made using acoustic waves, microwaves, and 
optical waves. In addition, holograms are planar or volume 
holograms, transmission holograms, reflection holograms, or 
phase holograms to name a few. The reader should be aware of 
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what type of holographic process is being described when read­
ing the report of some current research. The reader is re­
ferred to one of several excellent references (9, 10, 11) on 
the subject of holography for a carefully described analysis 
of each of the types of holograms mentioned. All the work re­
ported on in this thesis has been done using optical holographic 
techniques and only an analysis of planar-transmission holo­
grams will be given. 
3.2. Development of Basic Equations 
for Transmission Holograms 
Fig. 3.1 represents a single wavefront division method 
for illuminating a transmission subject with a coherent plane 
wave and deriving an off-axis plane reference wave by the same 
source. The subject could be a continuous tone object such as 
an X-ray type of transparency. The reference coordinate system 
will be as shown: i.e., positive x will be to the left look­
ing at the source, positive y will be in the upward direction, 
and positive z will be in the opposite direction of light 
propagation with the whole system referenced at the hologram 
plane. 
The early papers of holography (12, 13) usually have 
titles with some indication to "wave-front reconstruction." 
It should be kept in mind that holography, like most photo­
graphic processes, requires two steps. The first step is to 
record the desired information and the second is to illuminate 
34 
Prism 
Coherent 
Light 
Reference 
Beam 
Subject Holographic 
Transparency Plate 
Figure 3.1. A simple arrangement for deriving an off-axis 
reference beam and object beam from the same 
source 
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the recording (reconstruction) such that it can be viewed. 
These two phases shall be separated in the following discus^ 
sion. 
Assume that all illumination is from a coherent light 
source (both spatially and temporally coherent). It is 
necessary for total reconstruction to store both the amplitude 
and phase of the wavefront. Presently available recording 
materials record the intensity or square of the amplitude and 
do not record phase. However, phase can be recorded through 
the technique of interferometry, i.e., a second coherent wave-
front of known amplitude and phase is made to interfere with 
the other wavefront as shown in Fig. 3.1. The intensity at 
any point is the square of the phasor sum of the two wave-
fronts. Thus a technique for recording both the phase and the 
amplitude of the desired complex wavefront in the form of 
intensity variations is provided by the interference pattern. 
The mathematical modeling of this interference pattern can 
be accomplished using complex phasor notation. 
Let a reference wave be represented as 
R(x,y,z) = R(r) = exp[j (wt + 2iTfyy) 1 (3.1) 
which is a constant amplitude plane wave off the optical 
axis of the holographic plats (see Appendix C). 
Let the object wavefront be represented as 
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A(x,y,z) = A(r) = |A(£) jexp[+j (r) 1 (3.2) 
Since the time interval of exposure is long relative to the 
frequency of the light, it is customary in optical theory 
to suppress the time varying component, exp(jwt). Hence 
Egs. 3.1 and 3.2 can be rewritten as 
R(r) = R exp(j2TTf y) 
° y (3.3) 
A(r) = |A(r) |exp(--jip^(r) ) 
The resulting intensity distribution, I(x,y), which is the 
square of the phasor sum, can be written as 
I(x,y) = |R^) + A(r)|2 = [R(r)+A(r)] [R(r)+A(r)]* (3.4) 
= R(r)R(r)4-A(r)A* (r)+R(r)A* (r)+R* (r)A(r) 
= Ij^(x,y)+I^(x,y)+R^|A{r) |exp[j (tj^^(r) )+27rfyy) ] 
+ RQfA(r) |exp[-j {i/)^(r)+2Trfyy) ] (3.5) 
or 
I(x,y) = Ip(x,y)+I^(x,y)+2R^[A(r) |Cos (i/;^(r)+2TTfyy) 
(3.6) 
This intensity distribution can be recorded on a square 
law detector such as photographic film. 
From Eq. 3.5, four distinct terms form the mathematical 
model and these terms indicate that the amplitude and phase 
of the object beam have been recorded. 
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Let 
= Ijj(x,y) + I^(x,y) 
^2 exp(j2Trfyy)] (|A(r) |exp(-jip^(r))] (3.7) 
P3 =[RQ exp(-j2nfyy)][|A(r)|exp(i*^(r))] 
Thus, except for a constant multiplier, the term Pg, contains 
a record of the original object wavefront. The problem re­
maining is to reconstruct this wavefront. 
3.3. Film Considerations 
At this point considerations of the detector must be 
discussed. Assume that the detector is a photographic 
emulsion on some substrate such as glass or acetate. The 
exposure, E, to which an emulsion is subjected is defined as 
the energy per unit area which is incident at each point on 
the light sensitive emulsion surface times the exposure time. 
Exposure is a function of both incident intensity and time, 
and hence can be expressed by 
E = I T (3.8) 
where 
I = Incident intensity, watts/unit area 
T = Time, seconds 
In addition, intensity transmittance can be defined at some 
point (x,y) on the processed film emulsion as 
38 
T(x,y) I[Transmitted at x,y] I[Incident at x,y] (3.9) 
In 1890, Hurter and Driffield (14) published a classic work 
showing that the intensity transmittance of the processed 
emulsion is related to the exposure. They defined a new 
term, photographic density, D, as 
and published the now classic H-D curve plotting photographic 
density against the logarithm of the exposure. An H-D curve 
for Eastman Kodak 649F emulsion is shown in Fig. 3.2. 
When a photographic emulsion is used as the detecting 
element of a coherent optical system, it is more appropriately 
regarded in terms of complex amplitude transmittance rather 
than intensity transmittance. Assuming that the film emulsion 
and substrate are of uniform thickness, hence no relative 
phase shifts, the amplitude transmittance, t, can be written 
as 
A new curve which relates the amplitude transmittance to the 
exposure can now be drawn as shown in Fig. 3.3. The reader 
will note that over a substantial region the curve is a 
straight line which can be expressed mathematically as 
D = lo9io (?) (3.10) 
t(x,y) = +/t(x,y) (3.11) 
Linear 
Region 2.5-
"1.5-
•H 
Unity 
Toe of the H-D curve 
Note; Exposure made with He-Ne 
laser, X = 0.6328 ym 
•H 
2 5 10 20 50 100 200 
Relative Exposure 
Figure 3.2. Typical H-D curve for 649 F emulsion on .040 in. glass plate substrate 
(Data obtained experimentally at Iowa State Univeristy) 
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He-Ne laser, X = 0.6328 ym 
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Figure 3.3. Typical amplitude transmittance as a function 
of exposure for 649F emulsion 
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t(x,y) = - KE (3.12) 
where K is the slope of the curve which for 649F emulsion is 
2 
0.117 (see Appendix D). Recalling Eq. 3.8, viz., 
E = IT, and again dropping the time dependence, the amplitude 
transmittance in the linear region can be related to the 
intensity, I(x,y), as 
Let 
t(x,y)«tQ - KI(x,y) (3.13) 
t'(x,y) = tg - KI(x,y) (3.14) 
Then from Eq. 3.5 
t'(x,y) = t^-K[Ij^(x,y)+Ij^(x,y)+A* (r) exp(j2nfyy) 
+A(r) R^ exp(-j2nfyy) (3.15) 
For convenience, the four transmittance terms can be repre­
sented as 
Ol = to 
Og = -Ktlj^(x,y)+I^(x,y) 1 
Q- = -K[A(r) * R exp(j2TTf y)] 
^ (3.16) 
Q4 = -K[A(r) RQ exp(-j2nfyy)] 
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3.4. Obtaining the Reconstructed Images 
The photographic plate is developed in the usual fashion 
to yield a transparency with amplitude transmittance propor­
tional to exposure as previously shown. Assume that the 
transmittance function, Eq. 3.15, of the developed holographic 
plate, is reilluminated by a reference wave, R'(r), which is 
identical to the original reference wave, R(r). Immediately 
behind the holographic plate the wavefront can be written 
as 
t' (x,y)R'(r) = R](r) {tQ-K[Ijj(x,y)+I^(x,y) 
+ |A(r) |R^ exp (-j (i|/^{r)+2ïïfyy) ) + |A(r)|RQ exp(j (r)+2Trfyy) ) ] } 
(3.17) 
but 
R' (r) = R^ exp(j2nfyy) = R(r) 
Hence 
t' (x,y)R' (r) = R(r)tg-KR(r) [Ip (x,y)+I^(x,y) ] 
-K R^lA(r) lexp(-jif>^(r) 
-K|A(r) |exp(ji|<^(r) R^ exp(j(2)2nfyy)] (3.18) 
Let 
= R(r)t^ 
Ug = -R(r)K[Ip^x,y)+I^(x,y)] (3.19) 
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Ug = -K R^|A(r) I exp (-jtpA(r) ) 
= -K|A(r) |exp ( ji/;^(r) ) exp(j(2)2nfyy) 
The field component is simply an attenuated version of the 
incident reconstruction field and thus represents a plane 
wave traveling down the axis of the reconstruction beam. The 
second term, varies spatially and therefore represents a 
contaminated version of the illuminating reconstruction wave. 
This contamination will produce some diffraction and thus 
this wave will have some wave components traveling at small 
angles relative to the reconstruction beam optical axis. 
The wave is proportional to the original object wavefront. 
Proportionality implies that this term generates a normal 
(virtual) image of the object at a distance (z^) in front 
of the transparency. Similarly, wave is proportional to 
the conjugate wavefront A*(r), which indicates that a con­
jugate (real) image is formed at a distance 2^ behind the 
transparency, i.e., on the side opposite from the virtual 
image and the illuminating source. The presence of the 
linear exponential factor exp(-j(2)2?fyy) indicates that the 
conjugate image is diffracted at an angle - 8 from the 
optical axis of the reconstruction beam as shown in Fig. 3.4. 
In addition, because it is the conjugate of the original 
wavefront, the image is pseudoscopic, i.e. depth inverted. A 
reference beam identical to the original reference beam is 
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Figure 3.4. Wavefront reconstruction for an off-axis type 
hologram 
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characteristically used to reconstruct the wavefront. The 
normal or virtual image when viewed in this manner appears 
in every way identical to the original object. An important 
observation to be derived from these results is that while 
both conjugate and normal images are generated by the process, 
they are angularly separated from each other and from the wave 
components and . This separation comes from the use of 
a reference wavefront which is angularly offset from the 
object beam. Clearly, successful isolation of the conjugate 
and normal images requires use of a reference angle which is 
larger than some lower limit. When 6 exceeds the minimum 
value, the conjugate and normal images are not contaminated 
by other wave components. 
The recorded transparency may be either a positive or a 
negative but in either case a "positive" image is obtained. 
Negative transparencies, therefore, are just as useful for 
off-axis holograms as positives. This avoids the problem of 
having to use a film which can be reverse processed or to 
make a copy of an original negative. 
The conjugate image, often referred to as the real image, 
can be projected and viewed on a ground-glass screen, a piece 
of white paper or any other viewing device available if the 
conjugate of the reference beam is used. This means 
that if a diverging spherical wave is used as the reference 
beam, then a converging reference beam from the opposite 
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side must be used as the conjugate. The conjugate of a 
plane-wave reference beam is easily obtained by simply 
illuminating the hologram from the exact opposite direction 
by the original reference wave as shown in Fig. 3.5. In 
application, this illumination can be obtained by rotating 
the hologram 180®. 
Let the conjugate reconstruction wave be represented 
by 
R* (r) = exp(-j2nfyy) 
Then, using Eg. 3.15 the wave front behind the plate is 
t' (x,y)R* (r) = R* (r)tp-KR* (r) Iljj(x,y)+I^(x,y) ] 
-K|A(r)| R^ exp(-j(ip^ (r) + (2) (2nfyy)) 
-K|A(r)| exp (jtlJ^(h) (3.20) 
Let 
U^" = R*(r)tQ 
Ug" = -KR*(r) [Ij^(x,y)+Ij^(x,v)l 
Ug" = K|A(r)| R^ exp(-j (4)^(r) + (2) (27rfyy) ) (3.21) 
U^" = -K|A(r) I R^ exp(j^^(r)) 
Again U^" is a zero order beam attenuated by a constant. 
The second term, is spatially varying which means that 
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Virtual 
Image 
Figure 3.5. Havefront construction using the conjugate 
reconstruction beam 
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this wave will have some wave components traveling at small 
angles relative to the reconstruction beam optical axis. The 
wave Ug" is proportional to the normal image with an added 
phase factor indicating it is diffracted at twice the angle 
of the incident reference beam. Wave component U^" is, 
aside from a constant multiplier, a replica of the conjugate 
of the object wavefront. Thus the conjugate of the original 
reference wave can be made to project the conjugate image. 
The conjugate image generation is important to this re­
search since it is the image used for synthesizing the 
tomographic planes. 
3.5. Emulsion Thickness Effects 
All previous discussion assumed that the emulsion was 
of essentially zero thickness and that the recording of the 
image was a surface phenomenon. However, all emulsions have 
a finite thickness. Eastman Kodak 649F spectroscopic plate 
emulsion, for example, usually has a typical thickness of 
16 ym. In Appendix C it is shown that the spatial frequency 
of the interference fringes on a holographically recorded 
plate can be calculated from 
fy = ^ or 2Sin^8/2 (3.22) 
depending upon the configuration. 
For an included angle of thirty degrees and a wavelength 
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of .6328 ym (typical for a red He-Ne laser), the spatial 
frequency will be about 800 cycles per mm which corresponds 
to a spatial distance of about .6 ym. Hence a 16 ym emulsion 
thickness is large relative to the spatial separation distance 
between fringes, and the effects of this volume needs to be 
given some consideration. This consideration involves the 
angle that the reference beam needs to make with the developed 
holographic plate. A schematic is presented in Fig. 3.6 of 
a thick emulsion with silver platelets or fringes which have 
an axis which bisects the angle between the object beam and 
reference beam used to construct the hologram as shown in 
Appendix E. 
If a plane wave is incident on the developed plate 
such that it makes an angle of a with the fringes, then the 
reflected rays will be transmitted as illustrated in Fig. 
3.7. Since the reflected waves must add in phase, then the 
optical path lengths can differ by an integral number of 
optical path lengths or nX. Thus, as was shown in Appendix 
E, this path length difference can be satisfied only if the 
angle of incidence, a, satisfies the so-called Bragg condition. 
Sin a = -^ (3.23) 
Comparing Eq. 3.22 with Eq. 3.23, the maximum reconstructed 
6 
brightness occurs only when a = j or a = (Tr+6/2) . This 
demonstrates that the maximum brightness at reconstruction is 
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obtained by illumination with a reference wave which has an 
angle relative to the plate exactly equal to the one used to 
construct the hologram. Also to be noticed is the fact that 
the maximum conjugate image brightness can be obtained by 
using a plane wave reference beam which comes from the opposite 
side of the plate at the same angle as the one used in 
construction. 
The question of whether an emulsion is thick or thin de­
pends on the angular separation of the beams (which affects 
periodicity of the fringes) and the wavelength of light used. 
A general rule of thumb is that the emulsion thickness, e, 
is thin if the periodicity of the fringes is much greater 
than e; and the emulsion is "thick" when the periodicity of 
the fringes is much less than the thickness, e. 
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IV. REVIEW OF APPLICABLE LITERATURE 
4.1. Introduction 
The goal long sought by radiologists has been the forma­
tion of three-dimensional images of radiopaque objects studied 
by roentgenographic techniques. Most techniques used to ob­
tain the third dimension (other than stereoscopy) have in 
general required the recording of numerous individual strati­
fied plane images which does not guarantee that the plane 
of interest has been located. Holographic techniques have 
begun to show potential as a technique for obtaining the true 
third dimension for continuous scanning. 
With the previous chapters as background on the 
tomographic and holographic processes, this review will 
primarily be concerned with the various holographic tech­
niques used to generate the third dimension from a sequence 
of transparencies. However, certain other techniques are in­
cluded for completeness. 
It was mentioned in the introduction that the third 
dimension has been obtained from two-dimensional radiographs 
principally through the use of stereoscopy. To obtain radio­
graphs that can give a true stereoscopic effect, two slightly 
different views are obtained - the first as though one eye 
were looking at the part, and the second as though the other 
eye were seeing it. This is accomplished by taking two radio­
graphs from two separate X-ray head positions, with the amount 
54 
of head shift being in a definite ratio to the normal human 
interpupillary distance. These two radiographs are then 
placed in a stereoscope or viewed with special prismatic 
lenses so that each eye will see a separate image. The brain 
fuses the two images into one in which the various parts 
stand out in striking relief in their true perspective and 
correct spatial relationship. 
4.2. Laminagraphy 
In 1965, Miller et al. (3) attempted to extract an addi­
tional dimension from a sequence of two-dimensional trans­
parencies. This technique is called multiple-film lamina­
graphy. Basically the laminagraphic technique is an adapta­
tion of tomography. Realizing that the X-ray source is not 
a continuous source, but produces bursts at the peaks of the 
power-line voltage-cycles, Richards (2) investigated 
a multiple-film laminagraphic technique. If a discrete 
number of roentgenograms are taken, these individual roent­
genograms can be combined to view the plane of interest by 
simply aligning the desired detail from each individual 
roentgenogram. Figs. 4.1 and 4.2 schematically represent 
the multiple-film laminagraphic technique. Fig. 4.1 shows 
four discrete X-ray head positions and the resulting shadow­
graph image positions. Fig. 4.2 shows how these may be 
aligned such that an individual detail can be brought into 
Figure 4.1. Method of generating radio­
graphs from various angular 
orientations (positions 1 
through 4 represent X-ray 
focal spot locations) and 
the projected images of ob­
ject points A and B in the 
radiographs (after Miller 
et al. (3)) 
Figure 4.2. Combinations of the radio­
graphs produced as shown 
in Fig. 4.1 to focus object 
planes containing point A 
(upper) and point B (lower). 
Object planes other than one 
in focus will be blurred 
(after Miller et al. (3)) 
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sharp focus. It is to be noted, however, that only film 
planes parallel to the original cassette position can be 
observed. In addition, the individual exposures cannot be 
complete since the stacking of the films cause a high photo­
graphic density and make diagnosis difficult. Lapinski et al. 
(15) have discussed in detail the techniques necessary for 
high quality multiple-film laminagraphy. 
4.3. Holographic Techniques Used for Information 
Processing of Two-dimensional Transparencies 
Including Roentgenograms 
With the off-axis recording technique developed by Leith 
and Upatniks (13) in 1962, considerable research has been 
done using holographic recordings as information processing 
systems. One application uses composite holograms. 
4.4. Composite Holograms 
One application of holography in information processing 
has been the development of a synthesized hologram through 
the use of a so-called composite hologram. A composite holo­
gram is a collection of small holograms on a single master 
plate with each individual small elemental hologram close to 
or contiguous with its neighbors. Although not necessarily 
recorded simultaneously, when illuminated simultaneously, 
their resultant reconstructed wavefronts cooperate to produce 
a desired image. The resolution of the reconstructed image 
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is dependent upon the number of samples used to make the 
composite hologram as outlined by sampling theory considera­
tions from linear systems analysis. A regular hologram con­
tains far more information than the minimum necessary to 
adequately produce a good quality three-dimensional image 
for human observation. Composite holograms are therefore 
under study as a means of reducing the information content 
of ordinary holograms in order to facilitate transmission of 
holographic information over normal communication channels. 
Another reason for the interest in composite holograms 
results from the simple fact that because of coherence and 
illumination requirements, only desktop-sized scenes in 
controlled environments can be recorded directly on a holo­
gram. Large outdoor scenes, buildings, and similar objects 
cannot be recorded by direct holographic means. Composite 
holograms hold promise as the means to accomplish hologram 
synthesis of these and other subjects including purely 
fictitious objects whose only existence occurs as lines and 
shades on a computer output display. 
In January 1967, R. V. Pole (16) published a short one 
page report on his work using a fly's eye lens array to 
produce a composite hologram. As in all composite holography 
research, the objective was to generate a hologram of a scene 
or object which could not otherwise be directly recorded 
holographically or to reduce the information content as 
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previously discussed. Such techniques require at least a 
two step procedure. The first step being the white light 
(or x-ray or neutron) illumination of a three-dimensional 
object and the recording of this image. The second step is 
the holographic recording of these images. Pole's, initial 
step used a closely-packed fly's eye lenslet array. Each 
lenslet was .016 in. (.407 mm) in diameter and was spaced 
on .020 in. (.508 mm) centers. The lenslet array was one 
and one-fourth in. (31.8 mm) in diameter. Hence, several 
thousand lenslets were used. Fig. 4.3 illustrates Pole's 
system. White light illumination of the object produces 
reflected rays that are captured by each lenslet and focused 
on a high resolution photographic plate at the focal plane 
of the lenslets. The exact location of each small elemental 
image will depend upon the relative position of the lenslet 
to the object. Each lenslet captures an image with a 
slightly different perspective. The exposure of the film 
plate at each point is dependent upon the amplitude of the 
reflected rays arriving at that point. Assume that the 
film is processed to produce a positive transparency. Re­
turning the positive transparency to its original position 
in the focal plane of the lens and illuminating this from 
behind by a coherent light beam incident on a diffusing plate, 
each ray will be retraced back through each lenslet. The 
fly's eye lens array, with each lens acting like a tiny pro-
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Figure 4.3. Pole's basic method for using a fly's eye lens 
array to record a sequence of perspectives using 
incoherent light 
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jection lens, directs the rays in an exact reverse direction 
to the one that originally produced the perspective on the 
film plate. These rays then converge and sum to produce a 
real aerial image at the location of the original object. 
Inserting a suitable holographic recording plate and pro­
viding a typical holographic reference beam, as indicated 
in Fig. 4.4, Pole holographically recorded the converging 
rays. Once the rays were holographically recorded, the 
complex fly's eye lens array was removed and the hologram was 
used to provide the means for wavefront reconstruction. In 
this case, illumination of the hologram with a duplicate of 
the recording reference beam produces a real image of the 
object of interest. The conjugate image in this instance 
is the virtual image of the object of interest. To be noted 
is that Pole's hologram is actually a composite hologram 
consisting of N samples of a replica of the original waveform 
where N is the number of perspectives used. One problem 
with Pole's system was that the fly's eye lenslets only 
covered about 20% of the available film area. His results 
in addition were not sharp because of the limited area exposed. 
Later, in 1967, the United States Naval Training Device 
Center (17) published a short limited distribution document on 
the use of holographic recording to store two stereoscopic 
images which, when reconstructed, yields stereoscopic vision 
without the aid of special viewing equipment. The technique 
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object to allow holographic recording 
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involved a two step procedure whereby an ordinary 35 mm 
slide camera was used to take a sequence of ordinary photo­
graphs about an object. The film was developed as a positive 
and replaced in the camera exactly as it was originally. 
The camera was modified to allow it to act as the projector 
for the transparencies. Coherent light was used as the back 
lighting for projection, and a reference beam was made to 
interfere as shown in Fig. 4.5. The projected image was re­
corded as a hologram. With this system, not one but many 
images can be recorded. If the camera is rotated about some 
point (e.g., a point behind the holographic plate) such that 
the arc length associated with the rotation is equal to the 
interpupillary distance (about 2-1/2 in. or 65 mm) , and a 
second image of a different perspective is holographically 
recorded, then upon reconstruction, the normal image will be 
seen to be the various camera lens aperture locations. How­
ever, the real image will project these locations. Hence, 
when an eye is placed in each of these projected aperture 
locations each eye sees a different perspective and the brain 
fuses these images into what appears to be a three-dimension­
al image. This is referred to as sequential, stereo-holo-
graphy. To be noted, however, is the fact that sequential 
stereo-holography could and has been done, using various 
X-ray perspectives. This technique was also studied during 
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Figure 4.5. A method of holographically recording stereo­
scopic image pairs incorporating an ordinary 
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this investigation. 
Apparently unaware of the work of the United States 
Naval Training Device Center, J. D. Redman (18, 19, 20), in 
1968, and 1969, published several short papers dealing with 
his work on holographic imaging of a sequence of outdoor 
scenes and x-ray images. In this work, he used a large 
separation angle between the reference and object beam as 
shown in Fig. 4.6. He was able to place small angular sepa­
rations on the plate, due to the fineness of the recorded 
interference fringes. It is shown in Appendix C, that the 
fineness of the fringe spacing depends on the angle between 
the object and reference beam. Redman has stored up to 150 
exposures on a single 10 x 12 mm holographic plate using 649F 
as the emulsion. He did not use a diffusing screen behind 
the transparency. His work was done using collimated light 
as the reference beam. A converging lens was employed to 
view the stereo images. 
D. J. DeBitetto (21, 22) of Phillips Laboratory of New 
York, published two short one page documents in 1969 in which 
he discussed the use of yet another technique to synthesize 
a hologram from a sequence of two-dimensional transparencies. 
In addition to using a camera for the projection system, 
DeBitetto employed a diffusing screen on which to image the 
projected transparencies such that equal intensity of light 
was scattered over the entire holographic plate. A slit 
Film of sequence of Rotatable 
two-dimensional holographic plate 
perspectives 
Beam Splitter 
Mirror 
Coherent 
Light 
Figure 4.6. Schematic of Redman's holographic multiplexing technique 
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mechanism was placed in front of the emulsion of the holo­
graphic plate, as illustrated in Fig. 4.7, to limit the area 
that would be exposed to a given perspective. Thus several 
contiguous elemental holograms could be constructed. The 
slit widths were approximately 3 mm wide and 100 mm high. 
The inherent problem with this technique is the intro­
duction of the granularity of the ground-glass plate. The 
viewing of the reconstructed image from this type of hologram 
is difficult because one must physically place the lens of 
each eye close to the holographic plate to "see" through 
the individual slits. Each eye will view a different 
perspective and again the brain will fuse these perspectives 
which tends to create a three-dimensional scene. DeBitetto 
placed 36 contiguous strips on one hologram thus generating 
18 discrete stereo pairs. The continuity of view as the 
viewer moves his head is of course dependent upon the angular 
separation between the views making up the sequential pairs. 
This discontinuity can be made artibrarily small by increasing 
the number of elements. At approximately the same time, 
Kasahara et al. (23, 24) in Japan were working on sequential 
stereo-holography using two-dimensional transparencies. 
Their system differs in certain respects to the previous 
techniques. The basic arrangement of Kasahara et al. is 
shown in Fig. 4.8. Note that the system is in many respects 
similar to that suggested by the United States Naval Training 
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Device Center (NTDC) in 1967. However, two important dif­
ferences are to be noted: 1) the use of a Fresnel lens in 
front of the diffusing screen and 2) the use of a lens 
behind the camera when reprojecting the image. The Fresnel 
lens is used in an attempt to make more efficient use of the 
light transmitted through the transparencies and hence onto 
the holographic plate. The lens is used behind the camera 
to bring the image into the field of the rear element of the 
camera lens system. This also can be accomplished by the use 
of a diffuser behind the transparencies. A significant 
feature of their technique, which is not desirable, is the 
requirement that the holographic plate be translated behind 
the slit. With this procedure, upon reconstruction, each 
elemental hologram (virtual image) will be translated in 
space. Hence, when one views the hologram, rather than the 
eyes focusing at a point in space (which is normal) each 
eye must look straight ahead essentially to infinity. This 
requires far more effort by the brain to fuse these images 
together. In addition, this technique suffers the same 
problem mentioned previously with narrow slits - namely one 
must place his eye physically close to the hologram for 
viewing. 
In early 1969, Lu (25) of Texas Instruments pub­
lished a brief report describing a set of photographs of 
an outdoor scene showing the reconstruction of synthetic 
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aperture holograms. Lu, however, gave no experimental de­
tails of his work and hence the technique cannot be described 
in this work. 
All previous researchers limited their studies to 
parallax in a horizontal plane. McCrickerd and George (26) 
of the California Institute of Technology extended the 
synthesis to both horizontal and vertical parallax. This 
in essence yielded a truly synthetic hologram. Their system 
is a combination of that developed by the United States Naval 
Training Device Center and the fly's eye lens technique of 
Pole. A sequence of ordinary photographs were taken in a 
rectangular array similar to the individual lenslet positions 
of the fly's eye array. This system allowed synthesis of the 
fly's eye lens array but with the added capability of lens-
let overlap. The array of photographs was taken with a 16 
mm motion-picture camera operating in a single^frame mode. 
Positive reversal film was used and again the camera was used 
as the projector. By masking off the holographic plate, a 
two-dimensional array of elemental holograms was recorded, 
each of a different perspective. To be noted is the fact that 
in their system, in order to allow the rear element of the 
camera lens system to capture the entire transparency, a 
series of diffuser plates were used. McCrickerd and George 
ultimately placed a 20 x 20 array of images on a single plate 
for synthesis of both vertical and horizontal parallax. 
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Further development of synthetic aperture holograms was 
conducted by Groh and Kock (27, 28). Late in 1970, Groh and 
Kock published two, short, one page papers discussing their 
optical configuration which was similar to DeBitetto's, 
i.e. they holographically recorded a sequence of images by 
moving a slit in front of the emulsion. In addition, they 
also used a diffuser behind the transparency. The diffuser 
again was selected such that the scattering characteristics 
were broad enough so that each point of the hologram received 
light from every point in the screen. The photographic 
emulsion was covered by an opaque diaphragm containing a 
small aperture. For each exposure this aperture was brought 
into a position with respect to the individual projected 
image which apart from a constant magnification corresponded 
exactly to the position of the X-ray source used to produce 
the x-ray images. During the whole recording process the 
position of the photographic emulsion was fixed and the aper­
ture was moved in steps between exposures. Using a constant 
but arbitrarily shaped reference wavefront, which had to 
illuminate the whole number of elemental holograms, a matrix 
of spatially separated or slightly overlapping holograms of 
the projection screen containing different silhouettes was 
produced. The reconstructed images were stereoscopic images 
which contained horizontal parallax as the image is ortho-
scopic. Again, because the viewer observes different stereo 
1 
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pairs upon movement of his head, the view may not be continuous 
and might tend to "jump." As in DeBitetto's technique, this 
can be made small by increasing the number of elements. 
Groh and Kock performed their research using X-ray 
transparencies. They also duplicated the X-ray geometry in 
the holographic recording in the horizontal plane by the slit 
width. By using the conjugate of the reference beam, they 
projected an aerial image and attempted tomographic synthesis. 
This was the first research reported which contained an at­
tempt to reintroduce the phase information into the two-
dimensional X-ray transparency. 
Further study of the use of holography as an information 
processing system for X-ray transparencies was continued by 
Yano (29) in late 1970 and reported on in a very brief one 
page paper. All previous techniques required separate ex­
posures for each elemental hologram. Yano used a combination 
of lenses, stereoscreens and a sequence of reduced perspec­
tives such that all perspectives could be holographically 
recorded using a single exposure. Fig. 4.9 shows the 
schematic arrangement of Yano's system. Again, however, this 
technique generates only virtual stereoscopic images and does 
not lend itself to tomographic imaging because no attempt 
has been made to reintroduce the phase information into each 
perspective. 
In September of 1971, Sopori and Chang (30) reported 
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on another technique to synthesize a three-dimensional holo­
gram with parallax from a sequence of two-dimensional trans­
parencies. The optical train used in their study is shown 
in Fig. 4.10. In this instance, recording of the three-
dimensional synthetic hologram is done by exposing the 
transparencies in sequence such that between exposures the 
object beam is rotated through an angle equal to the original 
angle between the views when the transparencies were original­
ly taken. Then, when the hologram is developed and the 
several images reconstructed, each eye will perceive a slight­
ly different perspective and again the brain will fuse these 
images into a three-dimensional sensation. To be noted in 
this technique is the absence of a diffusing screen. Also to 
be noted, although not mentioned, is the lack of maintaining 
equal optical path lengths. The subject of coherence was not 
mentioned in the report. 
In late 1971, Chau (31) briefly reported on a technique 
to produce a three-dimensional shadowgraphic image which could 
be tomographically observed. Again, as with all other re­
ported techniques, a two-step process is involved. The first 
step is the generation of the point-source shadowgrams and 
the second is the holographic recording of these images. 
Utilizing the property of a hologram that multiple, super­
imposed images can be stored in the emulsion, Chau located 
the object-beam point-source at exactly the same position 
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as the recording point source to insure the proper phase res­
toration. Each individual shadowgraphic image was placed al­
most in contact with the emulsion. The position of the coher­
ent point-source assured that the wavefront or divergence of 
the coherent illumination was identical, in terms of geometric 
optics, to the wavefront used to make the original shadow­
graphs. Each shadowgram was time sequentially exposed with 
the point source being shifted to agree with the position of 
the point source at the time that particular shadowgram was 
originally recorded. Use of a collimated reference beam 
allowed the real image to be projected. This real image was 
in fact an aerial image of the original object and could 
be viewed tomographically. Although not mentioned by Chau, 
there would be an upper limit to the number of images which 
could be superimposed while retaining a high diffraction 
efficiency on reconstruction. In addition to this tech­
nique, however, Chau also mentioned a simpler technique. 
Instead of recording the shadowgrams on the holographic 
emulsion, simply record the proper wavefronts which corre­
sponded to the wavefront used in taking the shadowgraphic 
sequence. Then, using the "holographic lens" generated upon 
real-image reconstruction, the shadowgrams could be posi­
tioned in the proper light beam and the proper phase would 
again be introduced such that an aerial image could be 
generated. 
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Groh and Kock continued with their efforts which had 
first been reported in 1970. In March, 1973, Kock and Tiemens 
(32) reported on an optical holographic technique which is 
somewhat similar to the work reported on in this thesis. 
The author was not aware of this recent work of Kock at 
the time most of the research reported on in this treatise 
was conducted. Several aspects of the approach are dif­
ferent to that which is detailed herein. 
The tomosynthetic arrangement developed by Kock is shown 
schematically in Fig. 4.11. In order to produce a higher 
quality image, a circular scan of the X-ray head was utilized. 
The lens was used to reinstate the proper phase information 
into the individual radiographic images. In addition, the 
lens was used to assure that the image magnification is cor­
rect for the particular recording geometry. The lens also 
assures proper phase introduction to the entire transpar­
encies and not just in the horizontal plane as Groh and Kock 
initially had in their optical configuration. 
4.5. Incoherent Light Source Technique for 
Generating Three-Dimensional Aerial Images 
The efforts of researchers described previously have in­
volved the use of a two-step process, one step of which in­
volved a holographic recording. A recent technique has been 
reported on by Grant (6) which uses a two-step process for 
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generating an aerial image from a sequence of two-dimensional 
radiographs, but neither step involves the use of the holo­
graphic recording process. This is being reported here be­
cause it again is an attempt to reintroduce phase informa­
tion into each individual radiographic transparency such 
that a three-dimensional radiographic image can be observed. 
In 1969, Grant, Garrison and Johns (33) of the Johns 
Hopkins Medical School presented a technique for generating a 
three-dimensional radiographic image using incoherent light. 
The basic elements of Grant's system are illustrated 
in Pig. 4,12. Reduced copies of the radiographic samples 
taken at some 20 positions around a circular scanning 
trajectory are illuminated with diffused light. As illus­
trated, a wide angle lens and mirror assembly direct the 
images into a common volume where a three-dimensional aerial 
image of the original radiographed object is formed. A view­
ing screen so placed to cut through this volume real aerial 
image will yield a tomograph along the plane of the screen 
even though this plane is not parallel to the plane of the 
radiographs. The viewing screen can, of course, be replaced 
by a photographic film or a video camera. 
The reader will recognize a relationship between Grant's 
system and the systems of Pole (16) and Chau (31). Grant 
rejects the idea of using holographic virtual images of the 
radiographed objects for diagnostic examination because they 
Figure 4.12. Schematic of Grant's basic system for using incoherent 
illumination to generate an aerial image for tomographic 
viewing 
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contain nonessential information that masks the desired in­
formation. This nonessential information is largely sup­
pressed using the tomographic approach. 
Although this discussion has been concerned with 
tomograms constructed from X-ray radiographs, gamma rays, 
being of exactly the same nature as X-rays, could also be used 
to produce radiographs for tomographic synthesis. Similarly, 
neutron radiographs should be able to provide suitable in­
formation for synthesizing tomograms. In an even broader 
sense, it follows that electron micrograms could also provide 
suitable information for tomographic synthesis. 
4.6. X-Ray Laser Developments 
Clearly, a considerable effort has been expended attempting 
to generate synthesized three-dimensional radiographic images 
using both coherent and incoherent optical techniques. This 
synthesis would not be necessary of course should an X-ray 
laser of sufficient coherence be developed which could be 
used for holographic records. Efforts are being made on X-ray 
laser research and in a very recent publication Dr. Arthur 
Schawlow (34), of Stanford has stated, "We don't know how hard 
it is going to be to make X-ray lasers and we don't know when 
it will be done. But a lot of people have been stimulated by 
the events of the last year to give it a good try. I feel 
optimistic." 
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If an X-ray laser should be developed, problems associated 
with the recording of images generated by the X-ray source will 
remain. Assuming that the X-ray laser would be used for holo­
graphic recording,and photographic film would be used as the 
detector, the resolution limitation of the film would probably 
restrict its usage. Appendix C has shown that the spatial 
period of lines of interference on a hologram can be obtained 
from 
where A is the wavelength of the exposing source and 9 is 
the angle of incidence. For the familiar red He-Ne laser, 
A = .6328 um. For an X-ray laser, the wavelength might 
—4 -6 typically be of the order of 10 to 10 ym. Letting 
6 = 15° would yield = 1 • 25 x 10 ^ meters or f^ = 
1000 cycles or line pair per mm. For an X-ray laser d^ 
2 X 10 m or f^-ray ^ ^ 10^ line pair per mm. Presently 
available film, such as Eastman Kodak 649F or AGFA 8E70 or 
8E75, specify a maximum resolution of 2000-3000 cycles or 
line pair per mm. An X-ray image would then require an 
extremely significant improvement in film resolution (by a 
factor of 2000). 
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4.7. Fresnel Zone Plate Imaging as a 
Form of Tomographic Imaging 
In late 1972, Barrett (35) of the Raytheon Corporation 
reported on a specially recorded image which yielded tomo­
graphic imaging capability. Using a radioactive object, a 
Fresnel zone lens, and an X-ray type recording film, Barrett 
et al. recorded the shadow of the lens as illuminated by the 
radioactive source. Upon illumination of the shadowgraph 
with a beam of coherent light, a real aerial image of the 
radioactive object is produced. 
The basis for this idea is founded in the effect of 
Fresnel zone plates. It has been shown (9) that the radii 
of fringes of a Fresnel zone lens, as shown in Fig. 4.13, 
can be calculated by using the relationship 
= [ (fA)l/2] [2n]l/2 (51) 
where 
= radius of curvature 
f = focal length desired 
n = fringe order, 0 is the center 
A zone plate is a diffraction grating with focusing prop­
erties. Barrett used a Fresnel zone lens as the method of 
coding the many effective point sources present in a large 
radioactive emitting body. The Fresnel zone lens was placed 
between the radioactive emitting source and the recording 
Figure 4.13. Photograph of a drawing of a Fresnel zone 
plate (from Collier et al. (9) 
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film. 
In this case the Fresnel zone lens contained alternate 
rings of X-ray (gamma-ray) absorbing and nonabsorbing media. 
Then emission from different points of the radioactive body 
produces different shadowgraphs on the recording film. 
The recorded fringe pattern is very similar to the fringe 
pattern on a hologram made from a vast number of point sources 
as the object and a plane wave reference beam. Reconstruct­
ing the image with coherent light in a manner similar to a 
regular hologram will produce a three-dimensional image of 
the original radioactive object. 
Fig. 4.14 shows a schematic representation of point 
sources with rays traced through the Fresnel zone code -mask. 
The next problem is associated with the reconstruction of 
this image. A visible wavelength coherent source will need 
to be used which implies a magnification factor. This prob­
lem has been partially solved by Barrett as shown in Pig. 
4.15 which is a photograph of initial tomographic slicing 
produced by this technique. Additional effort is needed to 
improve the quality, however, this clearly represents an 
interesting initial effort. 
Figure 4.14. Schematic of the shadow pattern of a Fresnel 
zone mask for two point sources (from Barrett 
(35) ) 
Figure 4.15. Photograph of Barrett's results of 
tomographic imaging using Fresnel zone 
plates (from Barrett (35) ) 
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4.8. X-Ray Generated Holograms 
Late in 1972, Aoki et al. (36) of the College of General 
Education, Tokyo, Japan, presented a very brief report dis­
cussing some interesting data showing in-line holograms made 
with X-rays generated from a synchrotron. By the use of a 
glass diffraction grating, Aoki obtained quasi-coherent X-rays 
with a wavelength of 60x10 ^ ym. The system used by Aoki 
is shown in Fig. 4.16. The hologram recorded is effectively 
a Fourier transform hologram without a lens. The slit widths 
were 7, 2.5 and 2.8 ym for S^, S and respectively. These 
become effective line sources for generating a cylindrical 
wave. Diffraction through the slit S acts as the reference 
beam and the diffracted light from slits the 
object beams. Thus, the reference and object beam sources 
do lie in the same plane. Fig. 4.17 shows a photograph of 
the lensless Fourier transform hologram made by Aoki with 
the synchrotron X-rays and reconstructed with a He-Ne laser 
with A = .6328 ym. The authors calculated the magnifi­
cation to be 158. 
The last two topics are briefly explained in this dis­
sertation to emphasize the wide-spread interest and diverse 
techniques being used in an attempt to generate X-ray holo­
grams or at least quasi-holograms. 
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Figure 4.17. Photograph of Aoki's lensless Fourier transform 
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V. DESCRIPTION OF EXPERIMENT 
5.1. Introduction 
Several methods have been proposed in recent years to 
apply holographic imagery techniques to generate three-dimen­
sional images from a sequence of two-dimensional photographs 
taken with incoherent illumination (e.g., white light. X-rays, 
etc.). These techniques have been discussed in the previous 
chapters of this dissertation. It was noted, however, that most 
of these techniques put emphasis on the stereoscopic effect 
as composite holograms. Only in the reports of Groh and Kock 
(27, 28) and Chau (31) has an attempt been made to preserve 
the geometry used in the incoherent recording. The goal of 
all techniques, however, was to view the third dimension 
(depth) of radiopaque objects. 
The techniques used to generate stereoscopic images fail 
to suppress the information on planes in front of some detail 
internal to the object. Thus, an additional goal is to produce 
a clear, three-dimensional real image of an opaque object so 
that precise and quantitative measurements would be possible. 
The purpose of this experimental work, therefore, was to 
produce a real three-dimensional roentgenographic image so that 
quantitative measurements of any plane in an opaque solid could 
be obtained. 
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5.2. Experiment Description 
In order to generate a real three-dimensional roentgeno-
graphic image sequence from a sequence of two-dimensional 
transparencies (shadowgraphs), the geometry used in making the 
shadowgraphs must be known. In addition, the phase can be re­
introduced, independent of the wavelength of illumination, 
provided that the light source used in making the shadowgraph 
is a point source. 
Most commercial X-ray equipment uses a filament which 
produces an effective point source. Thus, if the geometry of 
the X-ray recording is preserved, the phase information can 
be reintroduced into an entire sequence of roentgenograms. 
Commercial radiographic equipment with a point source 2.5 mm 
in diameter and capable of being translated in a horizontal 
plane was available at the Argonne National Laboratory. Thus 
equipment was readily available for taking a sequence of ordi­
nary roentgenographic images and the geometry of the X-ray 
head relative to the film-plane could be closely monitored. 
A sequence of several roentgenographic perspectives could, 
therefore, be taken using a linear scan as shown in Fig. 5.1. 
By controlling the X-ray head shift, and with proper control 
of the indexing of the cassette location below the model, a 
sequence of images which could be exactly relocated could be 
generated. A portion of the proposed experiment was. 
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Figure 5.1. Schematic of the X-ray arrangement used to 
generate a sequence of two-dimensional perspec­
tive using a linear scan 
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therefore, the proper roentgenographic recording of a se­
quence of perspectives. 
5.3. The Holographic Recording 
Technique 
Since the roentgenographic images had been generated by 
a point source, the recording geometry could be duplicated 
and phase restoration could be accomplished independent of 
wavelength. One method of retracing the rays is through the 
use of a lens which would be of adequate diameter and focal 
length. For full scale reproduction, the lens would need 
to be large enough to use with the 4 in. x 5 in. negatives. 
If the rays could be retraced through each perspective simul­
taneously, an aerial image could be generated. However, this 
would require a considerable amount of equipment and probably 
involve the down scaling of each roentgenographic image. 
Holographic recordings seemed an ideal method to time 
sequentially record each perspective because each recording 
would also preserve the geometric optics. Then the convergence 
of the rays through each perspective would be totally pre­
served. By recording several different perspectives and 
simultaneously reconstructing their images, such that the 
conjugate image would be generated, an aerial image could be 
produced. This aerial image would contain all information 
necessary such that a ground glass screen, photographic film 
or a television camera could be used to integrate several 
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images in any desired plane; hence, tomosynthesis. The 
holographic recording geometry is shown in Fig. 5.2. The ob­
ject beam incorporates a large diameter lens of sufficient 
focal length to duplicate the X-ray geometry. By rotating 
the lens about its vertical axis and fixing the location of 
each roentgenographic image, each roentgenogram could be 
recorded with proper phase restoration. By placing a mask 
in front of the emulsion each image could be spatially sepa­
rated on the hologram. As discussed in Chapter III, the 
conjugate reference beam can be used to generate the 
conjugate image which is capable of being projected. The 
method used to generate the.aerial image was to use the 
conjugate reference wave and simultaneously illuminate the 
spatially separated images. Fig. 5.3 schematically represents 
the aerial image generation. 
5.4. Model Description 
The model used in this study will be thoroughly described 
in the next chapter. It will be shown that the model contains 
discontinuities in both the x and y directions, and hence 
the spatial frequency mathematical modeling will be capable 
of being observed. These discontinuities existed primarily 
because the model was intended to synthesize a portion of the 
reactor core subassembly discussed in the introduction of 
this dissertation. One-quarter inch rods were stacked in an 
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array with small thin holes in some of the rods which were in 
the scan direction. Larger discontinuities were placed in 
various layers throughout the model to act as a check on the 
ability to tomographically view a desired plane of interest. 
Assuming that an aerial image could be generated, quanti­
tative measurements were to be made. These included: (1) 
in-plane resolution, (2) depth resolution, and (3) limita­
tions of the present equipment. 
Thus, the experiment consisted of a three phase process 
ending in the generation of a roentgenographic aerial image 
which could be scanned continuously throughout its depth. 
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VI. DESCRIPTION OF EQUIPMENT AND MODEL 
6.1. Introduction 
The experimental work described in this dissertation was 
accomplished in three main steps. First, the X-ray images 
were recorded using available radiographic equipment at the 
Argonne National Laboratory located near Chicago, Illinois. 
Second, these images were holographically recorded using equip­
ment supplied by the Iowa State Engineering Research Insti­
tute and also the Argonne National Laboratory. Third, the 
entire sequence of images was reconstructed using a 50mw 
He-Ne laser on loan from the Argonne National Laboratory and 
the tomographic images photographed with equipment loaned by 
the Iowa State University Photo Service. This section on 
equipment will describe the apparatus used in each step in 
the order presented above. 
6.2. X-Ray Recording Equipment 
The available X-ray equipment at the Argonne National 
Laboratory was a Seifert 150KV X-ray unit which had a focal 
spot size (manufacturer's specification) of 2.5 mm. Fig. 
6.1 is a photograph of the X-ray head in position above the 
model used in this study. The film used was Eastman Kodak 
SR film with PbO (lead-oxide) screens. The roentgenographic 
images were taken at 95KV and 20raa. The individual sheets 
of film were held in spring-loaded cassettes which can be seen 
Figure 6.1. Photograph of the X-ray head and model in the 
position used to take the sequence of roent-
genographic perspectives 
102 
103 
beneath the model in the photograph of Fig. 6.1. The X-ray 
head was capable of traversing in a linear scan by extending 
or retracting the beam holding the head. Since this was a 
manual operation, the precision of the incremented movement 
had an error of approximately +^1 mm. Since each position 
was measured from a common location, the error was not 
cumulative. 
6.3. Holographic Recording Equipment 
The basic components necessary for holographic recording 
consist of a vibration isolated table, a coherent light source 
(usually a laser) and certain special optical components. The 
holographic equipment used in this research has been reported 
on previously (37) but some modifications and additions have 
been made and these will be discussed here. The table used 
in this study was an 8 in. thick locally poured concrete 
table with one-half in. diameter reinforcing rods. The out­
side dimensions of the table are approximately four feet by 
seven feet. Although a relatively smooth finish was obtained 
on the concrete surface, this was not adequate when several 
components needed to be continuously relocated for a complex 
multi-exposure hologram. The top of the table was modified 
by first placing a layer of one-fourth in. thick cork over 
the entire table for acoustic attenuation. On top of the cork 
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was placed a three-eighths in. thick aluminum plate. A hole 
pattern was drilled in the plate and corresponding anchors 
were placed in the concrete table top. This allowed the 
aluminum plate to be drawn down such that it was level to 
within approximately 0.002 in. over most of the surface. 
In addition, a rectangular array of one-fourth in. diameter 
holes were drilled on 6-in. centers into the aluminum top 
to allow hold-downs to be used for the various optical 
components. This complete table was supported on three 
standard thirteen-in. E-78 inner tubes such that a rela­
tively uniform pressure (of about 3-4 psig) in the tubes would 
float the table in a level position. A unistrut frame was 
built and a one-in. thick plywood sheet was placed on this 
frame to support the pneumatic suspension. This has been a 
very satisfactory table and one which can be built for a 
reasonable cost. Because the holographic recording is the 
recording of an interference pattern, the light source should 
be both temporally and spatially coherent. A laser operating 
in the TEM^g mode is usually used for holographic recording. 
The laser available for this study was a 15mw Spectra-Physics 
He-Ne gas laser (Model 124A stabelite) which has a model 255 
exciter. The monochromatic wavelength of this laser is 
0.6328 ym. The optical components necessary for holographic 
recording usually consists of beam splitters, front surface 
mirrors, spatial filters, lenses, and holographic film holders. 
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Several of these components were fabricated in local shops. 
The beam splitter mount was designed to accommodate a 100mm 
diameter continuous attenuator purchased from Eastman Kodak. 
The continuously adjustable attenuator is necessary to allow 
changes in the beam intensity ratios and to maintain a constant 
beam intensity ratio for multiple exposure holograms to allow 
control over diffraction efficiency. Both Jodon and Spectra 
Physics spatial filters were used in this study. The Spectra 
Physics spatial filters yielded a cleaner diverged beam 
pattern. One of these was used to illuminate the object-
beam condensing lens. The lens used to trace the rays through 
the transparencies was a two-element lens made from two ten-
in. diameter plano-convex lenses placed back-to-back. The 
lens holder also was designed and fabricated in local shops. 
The two-element lens initially caused a significant inter­
ference pattern to appear on the recorded hologram because 
the two plane surfaces were not flat. To compensate for this, 
a thin film of linseed oil was placed between the lenses. 
This reduced the interference fringes to an almost undetec­
table level as the index of refraction of the glass was about 
1.58 and the index of refraction of the linseed oil was about 
1.48. The mirrors were first surface mirrors. Although 
not of the highest quality, most were A/4 mirrors and they 
served the purpose quite well. The mirrors were mounted on 
brass stands. These stands can be seen in Fig. 6.2. Fig. 
Figure 6.2. Photograph showing the over-all holographic apparatus in the 
position used to record the spatially separated images 
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6.2 is a photograph which serves to give an overall view of 
the apparatus. 
The holographic film holder was locally fabricated and 
was a significant factor in this experimental process. The 
film needed to be relocated after recording each elemental 
image and it needed to be relocated with high precision. 
The film holder was designed to be able to hold either 8 x 10 
in. (20 X 25 cm) plates or 4 x 5 in. (10 x 12 cm) plates. 
This versatility also allowed this plate holder to hold 
2 x 10 in. (5 X 25 cm) plates with precision. Fig. 6.3 is 
a photograph showing the plate holder. The "vee"-notched 
stand and "vee"-notched top holder were keys in positioning 
as well as the film stop attached to the holder. In addi­
tion, by having one end open, less interference from the 
structure is present. 
Attached to the film holder was a meter stick used to 
determine the angular rotation of the object beam. This 
procedure will be described in detail in the next section. 
A translatable mask was fabricated from ordinary card­
board and was used to allow a controlled area of the film 
to be exposed at one time. This mask can be seen in the 
photograph of Fig. 6.4. In order to control the exposure of 
each elemental image, a low-level light meter was necessary. 
A Science and Mechanics Model 102 light meter with a standard 
probe was used. This is shown in the photograph in Fig. 6.5. 
Figure 6.3. Photograph of the holographic plate holder 
showing the "vee"-notched standards 
Figure 6.4. Photograph of the holographic plate-holder 
with the translatable mask in position 
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Figure 6.5. Photograph of the Science and Mechanics Model 
102 low light level meter and slide-rule 
computer 
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The standard probe is a photocell housed in a black bakelite 
cylinder. The photocell head is recessed in the cylinder 
about 12mm. To make the probe more useful, the cylinder was 
cut away to within 2 mm of the photocell. This provided a 
very satisfactory arrangement. The Science and Mechanics 
light meter comes with a slide rule type computer to deter­
mine the necessary exposure. The rated ASA of Eastman 
Kodak 649F emulsion is approximately .004 and most meters 
are not calibrated for this low an ASA rating. The computer 
sent with the light meter is shown beside the meter in the 
photograph of Fig. 6.5. Experimental efforts determined that 
good exposures on 649F could be obtained by setting the 
ASA reference to 15 on Range 1 and then read the exposure 
time in the usual manner. This allowed consistent recordings 
with very repeatable photographic densities. 
6.4. Reconstruction and Data Recording 
Equipment 
It has previously been discussed in Chapter III . that 
the maximum brightness of the reconstructed image is obtained 
when the exact replica of the original reference wavefront 
is used. Also, the maximum brightness of the conjugate image 
is obtained when the exact conjugate of the reference beam is 
used. In addition, when it is recalled that the maximum theo­
retical diffraction efficiency of a transmission hologram is 
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6-2%/ (maximum experimentally obtained has been 6.0%), if more 
power per unit area is incident on the hologram, the recon­
structed images will also have a higher intensity. 
The individually recorded elemental holograms had a 
very low diffraction efficiency. Also, since the conjugate 
images were to be projected, more available power would yield 
a better image for quantitative mensuration of the synthesized 
tomographic planes. 
A 50mw He-Ne laser, Spectra-Physics Model 125, was avail­
able from the Argonne National Laboratory and was brought to 
the campus at Iowa State University. A physical geometric 
arrangement was set up which duplicated the conjugate of the 
reference beeim. A schematic is shown in Fig. 6.6 and a 
photograph of the actual arrangement is shown in Fig. 6.7. 
A plano-convex lens 17.5cm in diameter with a focal length 
of 43.5cm was used as the collimating lens. The spatial fil­
ter was the same used in the reference beam configuration 
used to make the hologram. This spatial filter was a Jodon 
spatial filter with a 4OX objective lens and a 5 ym pinhole. 
A 4 X 5 in. (100 x 125mm) plate holder, which is simply a 
scaled down version of the 8 x 10 in. (200 x 250mm) plate holder 
used in the original recording scheme, was used to hold the 
hologram. The projected aerial image was viewed on the ground-
glass screen of a Speed-Graphic 4x5 camera mounted on a 
standard camera tri-pod. The Speed-Graphic camera was used 
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because it was mounted on an optical bar which allowed the 
back to be translated along the z-axis by a gear mechanism. 
By moving the camera back and forth and observing the ground 
glass screen, any desired tomographic plane could be selected. 
Using Polaroid type P/N 55 film, which had a rated ASA 
of 50, experimental exposures were taken. With an approximate 
time of 3-1/2 seconds, Eastman-Kodak Ektapan film, which has 
a rated ASA of 100, was used to take the final tomographic 
photographs. 
6.5. Description of the Model 
The model used in this study consisted of a lucite 
block 48mm x 102mm in cross section and 75mm long. A hole 
pattern consisting of one-fourth in. (6.35mm) holes was 
drilled in the cross-section such that the axes of the holes 
were parallel to the length dimension of the block. The 
array of holes is shown in Fig. 6.8. Aluminum rods were 
placed in this hole pattern. Certain rods were faulted by 
having had a sequence of holes drilled in them. A diagram of 
a faulted rod is shown in Fig. 6.9. A series of six holes 
which had diameters ranging from 0.0890 in. (2.26mm) down to 
0.0225 in. (.572mm) were drilled normal to the longitudinal 
axes of the rods. In addition, each faulted rod was identi­
fied in the model by inserting a lead numeral at the end of 
the rod. The intent of the numeral was to allow ease in 
t 
119 
Figure 6.8. Photograph of the cross-section of the model 
used in the study 
0.572mm 
0.788mm 
0.992mm 
1.49mm 
1.99mm 
2.26mm 
6.2mm 
7.5cm 
Figure 6.9. Diagram of one of the aluminum rods showing 
the hole pattern drilled to simulate faulting 
120 
identifying, during the initial phases of the study, which 
tomographic plane was being observed and also to allow a 
relatively large image to focus on. The model was glued to 
a one-eighth in. (3mm) thick lucite sheet which was rec­
tangular in shape such that it could be set on the X-ray film 
with sides essentially parallel to those of the cassette. 
This is shown with the model on the sheet above the cassette 
in the photograph of Fig. 6.10. Fiducial marks were placed 
on the lucite sheet both above, below and to the sides of the 
model as can be seen in the photograph of Fig. 6.10. These 
fiducial marks were made of small 1.5mm diameter solder-
wire glued to the lucite sheet. The complete model then 
consisted of the lucite sheet containing the fiducial marks 
onto which was glued the lucite block containing the aluminum 
rods. 
The model was located under the X-ray head in a position 
which raised it above the cassette by about 15mm. This 
allowed the cassette to be replaced between the perspectives 
without disturbing the model position. 
Figure 6.10. Photograph of the model on the Incite 
sheet. Note the fiducial marks 
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VII. EXPERIMENTAL PROCEDURE 
7.1. Introduction 
The procedure for obtaining a three-dimensional image 
as presented in this study involves two steps of photographic 
recording. The first step is the taking of the original set 
bf radiographic images. The second is the holographic re-
i 
cording of these images. Each step will be discussed as 
each has been experimentally investigated as a necessary part 
of this overall investigation. 
In order to gain an insight into the necessity of having 
precise alignment between the radiographs, it must be real­
ized that the "noise" of the resultant holographically-
generated aerial image is in a one-to-one correspondence to 
the precision of alignment of the individual radiographs. It 
thus becomes essential that some reference marking system be 
employed such that the orientation of each radiographic 
image is known. With the foregoing in mind, the initial dis­
cussion which follows will be to describe the procedure for 
taking the original X-ray photographs. 
7.2. X-Ray Recording Procedure 
It has been presented in a previous chapter that tomo­
graphic X-ray equipment usually possesses the ability to 
scan with several geometries, e.g., linear, circular and 
hypocyloidal. The industrial radiography equipment available 
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at the Argonne National Laboratory was not an instrument which 
possessed tomographic imaging capability. The instrument 
possessed only the capability of being traversed in a linear 
scan. In addition, the linear translation of the X-ray head 
lacked a certain amount of refinement and hence the trans­
lation distance was somewhat difficult to control. It was 
assumed, however, that it could be located to within one to 
one and one-half millimeters. 
The geometry used for taking the X-ray radiographs is 
shown in Fig. 7.1. The focal spot to film distance was set 
at 43 in. (109.2cm) and an accuracy was estimated at 
+ 1/16 in. (+ l-l/2mm). The object used for this study has 
been discussed previously and is shown in the figure in a 
simplified manner. The model was glued to a sheet of 3mm 
thick lucite plate, and fiducial marks were placed at each 
side and at both the top and the bottom. The fiducial marks 
were made from lengths of solder wire and glued to the 
lucite plate. Hence, regardless of the orientation of the 
block relative to the cassette, the radiographic images can 
be superimposed by lining up the fiducial marks. Fiducial 
marks must be placed so that both rotational and translation-
al location errors can be reduced. 
The procedure for taking the radiographic image sequence 
was as follows: (1) The X-ray head was located such that it was 
normal to the top of the table and such that the linear trans-
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Figure 7.1. Linear scan geometry used to take the sequence 
of two-dimensional roentgenographic perspectives 
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lation would be parallel to the top of the table holding 
the cassette and model. (2) The vertical distance from the film 
to the focal spot was set to be 43 in. (109.2cm). The model 
in addition, was held in a horizontal plane slightly off the 
film so that the model was maintained in a fixed position at 
all times and only the X-ray head translated. This is an 
important detail because the X-ray head should move in a 
linear scan which has a constant orientation relative to 
the model. This does present the problem, however, of 
introducing a slight magnification due to the diverging rays 
which cause the image to be preserved. This is a desirable 
trade-off, however, unless a well indexed system is available 
to relocate the model each time. The relocation is necessary 
because the cassette needs to be replaced after each exposure. 
An entire sequence of images can be generated, each of a dif­
ferent perspective, with each capable of being relocated through 
the use of the fiducial marks. Each exposure can be complete 
because it is not necessary to superimpose any radiograph on 
another (as in laminagraphy) which would greatly attenuate the 
light transmitted. To identify each image, in addition to 
the fiducial marks, lead letters were placed on the 3mm thick 
lucite plate to identify the images as the first, second, 
third, etc., image and whether the.image represented a shift 
of the X-ray head to the right or the the left. 
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7.3. Holographie Recording Procedure 
With this set of X-ray generated images, the next step 
in the procedure was to record each of these elemental images 
holographically. By using a large-diameter, simple convex 
lens, light rays can be focused through each elemental X-ray 
image in the reverse direction of the X-rays that made the 
recording originally. Keeping in mind that the holographic 
recording process preserves all of the incident wave front, 
including in this case the optics of the object beam, i.e., 
the converging light rays, the reconstructed image includes 
the diverging cone of light. Also, from the previous dis­
cussion, it should be recalled that a holographically re­
corded image can be projected if che conjugate of 
the reference beam is used. The experimental geometry used 
for holographic recording is shown in Fig. 7.2^ Note that 
the object beam optical train is rotated about the vertical 
axis of the simple lens. Sufficient table space must be pro­
vided so that this rotation can be accomplished smoothly. The 
initial reference for the entire system is the 0-degree image 
position. Previous discussion has shown the effect of the 
angle between the reference and object beam on the diffrac­
tion efficiency of the resulting hologram. Thus, this refer­
ence gives the range on either side of the 0-degree position 
such that the maximum included angle between the beam is 
approximately 30 degrees. After each of the beams has 
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Figure 7.2. Holographic recording geometry used to time-
sequentially record several X-ray perspectives 
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been aligned, such that beyond the beam splitter each has 
equal optical path lengths (to at least well within the 
coherence length of the laser) and parallel to the table 
top, both the object beam elements and the reference beam 
elements need attention for positioning. As shown in 
Fig. 7.2, the object beam optical components are the spatial 
filter (SF-1), the converging lens, (L-1) and the X-ray 
transparency indexing system. In addition, the holographic 
film holder is a part of the object-beam optical-train 
because it is necessary to position it correctly relative 
to the object beam. The lens holder is made such that 
the horizontal axis of rotation is parallel to the ends 
of the lens base plate. With the lens held in the lens holder 
and the laser on, the undiverged laser beam can be positioned 
in the center of the lens such that the horizontal axis of 
rotation is normal to the laser by using the reflected light 
from the front surface of the first lens and from the front 
surface of the second lens element. In addition, the vertical 
center can be found by using these reflections. When both 
reflections are in the same horizontal plane, the lens is at 
the proper vertical height but not in the correct rotation 
position. The vertical alignment is accomplished by rotating 
each of the base adjustment screws. The rotation is accomp­
lished by simply rotating the lens about the vertical rotation 
axis. With the lens in the proper attitude, the base is 
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aligned to make the front face parallel to the face of the 
lens holder. This is done by simply measuring the distance 
from the lens-holder face to each side of the base plate 
face. With the base in position, it is firmly clamped to 
the table top. The X-ray indexing system is positioned rela­
tive to the lens holder. It is positioned so that when the 0-
degree beam is transmitted, the holder is normal to this beam. 
Again, this is accomplished by measuring each side from the 
lens holder. The vertical position is accomplished through 
a laboratory jack. A standard carpenter square can be used 
to insure that the indexing system is vertical. The holo­
graphic film holder contained a measuring device to determine 
the rotation. This was shown in Fig. 6.3. A meter stick was 
attached such that it was parallel to the front face of the 
holder. Thus, as shown in Fig. 7.2, the optical train could 
be rotated by an amount which would correspond to the original 
X-ray head positions. The translation measuring device was 
brought into a position parallel to the lens holder by 
measuring the distance to the measuring device from each side 
of the lens holder. With the holographic film holder, and 
rotation measuring system firmly located, each was clamped 
to the table top. Since the X-ray head used to obtain the 
images traveled in a linear path parallel to the X-ray film 
holder, the focal-spot to film distance was not maintained 
at 43 in. (109.2cm) but changed depending upon the perspective 
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being taken. Hence, the focal point of the lens was to al­
ways be at the meter stick located behind the holographic 
film holder. This variation in focal spot location was 
accomplished by proper positioning of the spatial filter, SF-1. 
Since the quantity to be measured at recording was the 
distance from the front face of the lens to the front face 
of the spatial filter, this is the quantity which was varied 
in a short study to determine the actual variation. A plot 
of the experimental data is shown in Fig. 7.3. 
The next beam and optical components to be aligned were 
the reference beam and associated components. The components 
are the spatial filter, SF-2, and the collimating lens, L-2. 
Again using the undiverged laser beam, the collimating lens 
can be positioned using the same techniques described pre­
viously for the converging lens. By measuring the beam 
diameter immediately at the back face of the lens, the point 
source can be set at the correct position by again measuring 
the beam diameter at a distance at least 3-4 meters from the 
back face of the lens. This can be made to be equal to the 
previous diameter by moving the point source back and forth 
along the optical axis of the lens. For the lens used the 
point source was positioned 47.5cm from the front face of 
the lens. 
Returning to the object beam optical train components, 
one component which requires a significant amount of attention 
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Figure 7.3. Experimental data showing effect of object beam 
point-source on image position 
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is the X-ray positioning and indexing system. It has been 
commented on previously that the "noise" in the resultant 
holographic image is in direct proportion to the correct 
location of the X-ray images when positioned for holographic 
recording. The indexing system was made by taking one of 
the original X-ray photographs and cutting out the image such 
that only the fiducial marks were remaining. This was then 
attached to an aluminum and plexiglass frame as shown in the 
photograph in Fig. 7.4. A hole pattern was drilled around the 
perimeter and steel flat-head bolts were placed. Thus, a 
magnet could be used to hold the transparency. Each trans­
parency was located in approximate position and the magnets 
were applied. Each transparency then was carefully positioned 
and the magnets maintained it in that position. 
The resulting procedure for other than the 0-degree image 
position, was as following: (1) rotate mirror such that 
the londiverged laser beam passed through the condensing 
lens and positioned on the meter stick at the proper place. 
(2) The lens is then rotated until it is normal to the laser 
beam. (3) The spatial filter is positioned so that it yields 
a focal point at the meter stick. (4) Place the appropriate 
X-ray transparency on the indexing system and properly posi­
tioned. (5) Recheck the location of the focal spot and readjust 
accordingly. (6) Reposition the reference beam mirror(s) so 
that the optical path length equality is maintained. 
Figure 7.4. Photograph of the indexing system used to 
align each X-ray perspective. The lens used 
to retrace the rays through each perspective 
is also shown 
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(7) Check the mask position at the holographic plate to in­
sure that the image is totally covered by the reference beam. 
(8) Measure the beam intensity ratio and determine total 
exposure needed. In this investigation a Science and Mech­
anics Model 102 light meter was used. (9) With the laser beam 
turned off by the main shutter, position the holographic plate. 
With the plate in position make the exposure. (10) Remove the 
plate and repeat the whole sequence for a different radio­
graph. 
It is to be noted that some technique must be used to 
assure that the holographic plate is repositioned in the 
same place. In this case, an excellent plate holder, previous­
ly mentioned, was designed which yielded a high degree of 
precision in the relocation of the plate. 
7.4. Holographic Film Development 
Procedure 
The holograms used in this research were transmission 
holograms. The development process selected, therefore, was 
for transmission holograms. The emulsion which stores the 
diffraction grating can both swell and shrink. Equation 56, 
the Bragg condition, 
^ _ 2 Sin a 
4 Â 
shows that if the fringe spacing is changed for a given wave­
length, A, the diffraction angle must change to satisfy the 
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Bragg condition or conversely, a different angle of inci­
dence is required of the reference beam for maximum re­
construction intensity. The development procedure used was 
intended to keep the emulsion swelling and/or shrinkage at a 
low level and hopefully uniform. The 649F emulsion was 
developed using Eastman Kodak D-19. The developer was al­
lowed to interact with the emulsion for 5 minutes with con­
tinuous agitation. This was followed by a 30 second immersion 
with continuous agitation in Eastman Kodak stop bath. This 
was followed by a 4 minute immersion with continuous agitation 
in Eastman Kodak standard fixer followed by a five minute 
wash in water. After the five minute wash the plate was im­
mersed in a 50% methyl alcohol - 50% water solution for 2 
minutes and then into a 100% methyl alcohol solution for 2 
minutes. The plate was then air dried. The purpose of using 
the alcohol baths is to exchange the water for alcohol in the 
emulsion and provide a rapidly evaporating solution to pre­
vent atmospheric water vapor from being absorbed by emulsion 
causing perhaps uneven swelling. 
7.5. Image Reconstruction Procedure 
As discussed in the previous section, a 50 mw He-Ne laser 
was used as the light source to simultaneously illuminate each 
of the elemental images. A plano-convex lens very similar to 
the one used in the recording process was used to provide a 
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collimated light beam of sufficient diameter to illuminate 
all of the images. The reconstruction equipment was shown 
in Fig. 6.7. The holograms were placed in the plate holder 
and a 4 in. x 5 in. (100 x 125mm) Speed Graphic Camera 
with ground glass screen was viewed to determine when the 
image seemed of maximum intensity. 
The center image of the elemental hologram array was 
masked such that it was the only image projected. The size 
of the individual rods were measured to assure that a non-
magnified image was being projected. Once this was verified, 
all images were simultaneously illuminated. The camera back 
and film plane were checked to make sure that they were 
parallel. Thus, tomographic planes parallel to the original 
X-ray tube shift geometry were reconstructed. Since not only 
parallel but skewed planes could be observed, this alignment 
was done only to obtain in-plane comparisons. 
By turning the Speed Graphic Camera 180°, the image can 
be focused on the ground glass omitting the bellows. Because 
of the numerical aperture of the complete hologram, this was 
necessary to allow a skew plane to be photographed which would 
show all numerals in all three planes in focus. 
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VIII. RESULTS AND DISCUSSION 
8.1. General 
Information concerning the integrity of the internal 
structure of a radiopaque object is often necessary to 
determine the limits at which the object can no longer per­
form its intended function. Various roentgenographic tech­
niques such as laminagraphy, stereoradiography, and tomography 
have been used to obtain depth information throughout an ob­
ject. Each technique, however, has substantial limits. 
Therefore, there has continually existed the desire to gene­
rate a true three-dimensional roentgenographic image. A true 
three-dimensional aerial image could be scanned continuously 
throughout its depth. A synthetic three-dimensional radio­
graphic image has been generated through the use of a sequence 
of ordinary roentgenograms coupled with optical holographic 
techniques. This section reports on the results of this 
aerial image generation. 
8.2. Limitations of the Experiment 
Chapter V of this dissertation presented the experi­
mental technique to be investigated. Fig. 5.2 and Fig. 5.3 
presented the holographic recording and reconstruction 
geometry. Since it was necessary to use the conjugate image, 
the easiest and lowest cost technique to produce the conjugate 
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of the reference wave was to use a plane wave as the reference. 
The availability of lenses limited the maximum holographic-
plane y-dimension to be 17 centimeters. Referring to Fig. 
5.2, this limited the total scan angle of useable nonreduced 
roentgenograms to ten degrees. Since the roentgenograms had 
been taken at approximately every one degree, the maximum 
number of full sized roentgenograms which could be holograph-
ically recorded was eleven. No attempt was made to scale 
down the X-ray images because the resolution was to be kept 
at a maximum and down scaling would have reduced the in-
plane and z-dimension resolution besides introducing another 
step in the process; 
The translatable mask used to cover the holographic 
plate between exposures was located approximately 1cm from the 
holographic film emulsion. As a result, the aperture in the 
mask was larger than necessary to pass only the converging 
object beam which contained the image of the radiograph. 
This increase in area caused what should have been contiguous 
areas on the film, for one-degree images, to be overlapping 
areas. The photographic density at any point in the emulsion 
has been shown to be a function of the exposure. Hence, if a 
point in the emulsion is at a given density level, additional 
exposure will raise the photographic density. The efficiency 
of the holographic diffraction grating is a function of the 
photographic density, as discussed in Appendix G. It is 
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important to this research that the diffraction efficiency 
of each elemental hologram be essentially equal and as high 
as possible. Thus, seven images were recorded in order to 
eliminate overlap of the elemental images which would have 
tended to reduce diffraction efficiency. The seven images 
recorded were: 5° right shift, 4° right shift, 2®"right 
shift, center, 2° left shift, 4® left shift, and 5® left 
shift. 
Fig. 8.1 is a photograph of a hologram with seven 
spatially separated images and Fig. 8.2 is a photograph of 
only one image. Note that since no diffuser was used behind 
the transparency, the typical redundancy in a holographic 
- image is not present. Each holographically recorded image is 
a projected silhouette. Fig. 8.1 shows upon close inspection 
the recognizable numerals 4, 5 and 6 are located only in a 
specific portion of the image and not contained in any other 
portion of the elemental image. 
8.3. In-Plane Resolution 
The model used in this study has been previously de­
scribed in Chapter VI. Six holes were drilled normal to the 
longitudinal axis of three of the aluminum rods. The diameters 
of these drilled holes ranged from .57mm to 2.26mm. These 
holes were in the direction of the linear scan trajectory of 
the X-ray head but the rods themselves were normal to the scan. 
Figure 8.1. Photograph of the developed holographic plate 
showing the seven elemental spatially sepa­
rated holograms 
Figure 8.2. A close-up photograph showing one of the 
elemental hologram interference patterns 
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Thus, as described in Chapter II only the ends of the 
drilled holes should be blurred out in a tomographic plane 
and the rest mistaken for discontinuities in the tomographic 
planes. The rods however should be plainly visible. 
Resolution in a given plane was determined by taking a 
photograph of each of the planes which contained a faulted 
rod. These planes were selected by focusing on the numeral of 
that particular plane. Figs. 8.3 through 8.6 are full scale 
images of the individual stratifications focused on the numer­
als and the fiducial mark. Since the edges of the rods were 
normal to the scan path, thus acting as a detail, individual rod 
stratifications were easily observable. As theoretically pre­
dicted, discontinuities normal to the scan path are sharply 
imaged and all other planes are washed out. In addition, the 
drilled holes in all planes which are in the direction of the 
mean are visible in all tomographic planes. Note however, 
that the depth of the drilled holes into the rods are more 
measurable in the tomographic plane than the other holes 
drilled in the other rods in other planes. This indicates 
that in the obscured planes, the ends of the rods have been 
washed out and thus, only in the tomographic planes are the 
drilled holes not blurred over their length. 
The diameter of the drilled holes observable in plane 
four. Fig. 8.4, are 2.26mm, 1.99mm, 1.49mm, and 0.99mm. A 
part of the 0.788mm diameter hole is also observable. The 
Figure 8.3. Photograph of the synthesized tomographic 
plane focused on the fiducial mark 
Figure 8.4. Photograph of the synthesized tomographic 
plane focused on the numeral four 
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Figure 8.5. Photograph of the synthesized tomographic 
plane focused on the numeral five 
Figure 8.6. Photograph of the synthesized tomographic 
plane focused on the numeral six 
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0.572mm diameter hole is lost. Hence, it appears that this 
aerial image has a maximum-in-plane resolution of approximately 
.8mm. Clearly, however, the numeral six is washed out with 
these seven images and the numeral five is very unsharp. 
Referring again to Figs. 8.3 through 8.6, it is easily 
seen that in all cases, only those rods in the tomographic 
plane are in focus and all others are blurred out. Also, 
the numerals not in the tomographic plane of interest are 
greatly blurred as predicted. The in-plane resolution does 
vary from tomographic-plane to tomographic-plane. In the 
tomographic plane focused on the numeral five, the minimum 
diameter of the drilled holes visible is 0.99mm. Again, note 
however that even holes in planes four and six are visible 
and indeed could be mistaken for details in the tomographic 
plane. In-plane resolution in the tomographic plane focused 
on the numeral six is limited to the same as in tomographic-
plane four, viz., 0.8mm. 
8.4. Depth Resolution 
The z-direction thickness of the lucite model used in 
this study was 48mm. Fig. 8.7 is a photograph showing the 
cross-section of the model. Since the model was attached 
to a lucite sheet, and fiducial marks also attached to the 
same lucite base, z-direction increments to be measured in 
the aerial image were; (1) the distance between the fiducial 
Figure 8.7. Photograph of the cross-section of the model 
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mark and lead numeral four, (2) the distance between the 
lead numeral four and the lead numeral five and (3) the 
distance between the lead numeral five and the lead numeral 
six. 
The photograph shown in Fig. 8.7 can be used to obtain 
the distance from the base of the model to each of the 
centers of the individual stratified rod layers. 
These incremental distances are tabulated in Table 8.1 
below; 
Table 8.1. z-axis model distances 
Plane-to-plane Incremental 
identification distance, mm 
Fiducial mark to plane 4 6 
Plane 4 to plane 5 11 
Plane 5 to plane 6 14 
The values in Table 8.1 are to the centerlines of the indi­
vidual stratification and not necessarily to the numerals 
inserted in the opening for the rod. The z-direction data 
obtained was taken by observing when the image was in focus. 
Two observers focused the camera and each time the difference 
in position was noted. The maximum difference between the ob­
servers focusing on an individual plane was 2mm. At each tomo­
graphic plane identified by the fiducial marks or numerals, a 
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photograph was taken. The reconstructed aerial image z-
direction values corresponding to the values of Table 8.1 
are shown below in Table 8.2 and compared to the values 
listed in Table 8.1. 
Table 8.2. Comparison of tomographic measurements to 
centerlines of the model layers 
Plane-to-plane Real model values 
identification tLt (mm) 
Fiducial mark to plane 
four 8.3 6 
Plane four to plane five 8.3 11 
Plane five to plane six 13.1 14 
Realizing that the lead numerals were over 1mm in thick­
ness, and not necessarily at the centerline of the rods, 
some discrepancy was expected. 
8.5. Magnification 
Magnification (positive or negative) of holographic 
images has been thoroughly investigated by several authors 
(7, 9, 10, 11) and will be simply restated here. Using 
the holographic recording and reconstruction geometry of Fig. 
8.8, and using the paraxial approximation to a spherical wave, 
as discussed in Appendix H, the magnification equations are 
written as: 
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Holographie Film 
Plane 
Reconstruction 
Source 
Z 
Holographie Film 
Plane 
(b) 
Figure 8.8. Holographie recording (a) and reconstruction 
geometry (b) with notation for magnification 
equation 
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M (lateral) = 
-1 
M (longitudinal) = (lateral) 
'^2 
It is to be noted that when a plane-wave from the same 
laser source is used for the reference wave and also again 
used as the reconstruction wave, then M (lateral) = 
M (longitudinal) = 1.0. All of the research reported in this 
thesis used planar reference and reconstruction waves and the 
same wave length laser, hence the magnification is unity. 
8.6. Indexing Accuracy 
The sharpness of the aerial image tomographic planes 
is in direct proportion to the accuracy of positioning 
the individual roentgenographic images. Two types of posi­
tioning must be accounted for; (1) translational positioning 
in both the x and y directions and (2) rotational positioning. 
Initial roentgenograms were taken with the model placed direct­
ly on the x-ray film cassettes. This meant that each time a 
new perspective was to be recorded, the model was lifted off 
the cassette and replaced on a new cassette. This caused 
inherent inaccuracies because of the movement of the cassette 
and the model relative to the cassette. In order to overcome 
these recording inaccuracies, and hence holographic recording 
positioning inaccuracies, a set of fiducial marks were placed 
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in a fixed position relative to the model. These fiducial 
marks as discussed previously were glued to a lucite sheet 
to which the model was also glued. These fiducial marks con­
sisted of short lengths of solder wire placed both above and 
below the model and on both sides of the model. These can 
be seen in the radiographic image shown in Fig. 8.9. In 
addition, rather than moving the model under the X-ray head, 
the model was left in a stationary position and the X-ray head 
was shifted. This eliminated model positioning errors. Thus, 
when the sequence of roentgenograms was taken, only the 
cassette was replaced for each position of the X-ray head. 
What is necessary to generate the aerial image is to, in 
effect, "stack" these recorded images exactly on top of one 
another. In order to do this "stacking" accurately, each 
image must be exactly positioned relative to the others. In­
accuracies of positioning show up in the tomographic planes 
as a blurring or unsharpness of the object of interest. For 
the research reported on in this dissertation, three items 
could be observed for sharpness; (1) the numerals in each 
tomographic plane, (2) the holes drilled in the aluminum 
rods and (3) the rods themselves. The photographs of the 
tomographic planes of Figs. 8.3 through 8.6 shows that the 
numerals, the drilled holes, and the rods are quite sharp. 
A quantitative measurement of the inaccuracy of positioning 
tends to show that any inaccuracy is imperceptible and thus 
Figure 8.9. Full-scale photograph of a positive of one of 
the X-ray perspectives 
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the positioning using this fiducial marking system works very 
satisfactorily. The fidelity of reproduction of a single 
radiographic image is shown in Fig. 8.10 and can be compared 
to a positive of the original X-ray transparency as shown in 
Fig. 8.11. Note that some of the details of the faulted rods 
is lost in the reconstruction. This is due in part to the 
laser speckle problem. 
8.7. Comparison of the Holographically Generated 
Tomographic Planes to Multiple-Film Laminagraphy 
It was stated in Chapter I of this dissertation that two 
information processing techniques for the X-ray generated 
images were to be evaluated; (1) multiple-film laminagraphy 
methods and (2) holographic recording methods. The multiple-
film laminagraphic research was conducted by Argonne National 
Laboratory personnel working at the Argonne National Labora­
tory. The results of the laminagraphic study were presented 
in June, 1973, at the Seventh International Conference on 
Nondestructive Testing (15). These results will be compared 
to the results obtained using the aerial image generated 
as discussed and presented in this work. 
Using the same model and the same X-ray head, a sequence 
of perspectives for the laminagraphic study were taken. 
Chapter IV gave a brief discussion of the laminagraphic tech­
nique and the reader can refer to that section for a review. 
Figure 8.10. Photograph of the holographically recorded 
image of the 0® degree perspective only 
Figure 8.11. Photograph of the positive of the 0° degree 
perspective image 
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Figs. 8.12 and 8.13 are photographs of the typical laminagrams 
obtained using multiple-film laminagraphic techniques. Fig. 
8.14 is a photograph of the tomographic plane of the aerial 
image. The first laminagram, Fig. 8.12, is made from a stack­
ing of nine views taken with total scan angle, 2a, of 40®. 
The second laminagram. Fig. 8.13, is made from a stacking of 
six films taken with a total scan angle, 2a, of 30®. The 
aerial image tomogram is made using seven images with an in­
cluded scan angle, 2a, of 10°. Clearly, the larger the 
Numerical Aperture^ (N.A.) the greater the blurring in the 
planes to be observed. The laminagrams do show in each case 
all the holes drilled in the rods whereas the aerial image in-
plane resolution with seven images is limited to about 1mm. 
One distinct advantage of the aerial image over lamina-
graphy is the fact that an aerial image can be viewed on more 
general planes such as a skewed plane. The photograph of 
Fig. 8.15 is a tomographic plane in the aerial image skewed 
such that all the numerals, four, five and six are in focus. 
Table 8.3 compares some of the qualities of multiple-film 
laminagraphy to the tomosynthesis by optical holography. 
^Numerical Aperture (N.A.) is defined as (n)[sin(i)] 
where n is the index of refraction of the medium and i is 
the half-angle of the cone of rays accepted by a lens from 
a point-source object on the axis. 
Figure 8.12. Multiple-film laminagram made from a stacking 
of nine images with an included scan-angle 
of 40° 
Figure 8.13. Multiple-film laminagram made from a stacking 
of six images with an included scan-angle of 
30° 
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Figure 8.14. Photograph of the synthesized tomographic 
plane focused on the numeral five 
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Figure 8.15. Photograph of the synthesized tomographic 
plane skewed in the aerial image to show 
all numerals in focus 
Figure 8.16. Photograph of a tomogram of the model used 
in this study. Tomogram made by A. Hasenkamp 
(38) of Sandia Laboratories 
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Table 8.3. Comparison of characteristics of multiple-film 
laminagraphy to tomograms generated by holographic 
methods 
Laminagraphy 
1. Viewing requires clear film 
base. 
2. Each film is exposed to a 
low density to expedite 
viewing. 
3. Requires six or more films. 
4. Provides at least 1mm reso­
lution for object in Fig. 1. 
5. Provides about 1mm depth 
resolution for horizontal 
object plane. 
6. Viewer for continuous film 
movement is commercially 
available so that any object 
plane can be observed. 
Holography 
1. Viewing requires holograph­
ic recording of films; 
clear base on original 
radiographs is not 
necessary. 
2. Each film can be fully 
exposed. 
3. Requires six or more films. 
4. Provides comparable reso­
lution potential; laser 
speckle may introduce a 
problem. 
5. Provides about equivalent 
depth resolution but also 
more general object-plane 
viewing (skewed planes may 
be seen). 
6. Technique is still experi­
mental and requires holo­
graphic system. Continuous 
scan for any plane orienta­
tion can be accomplished 
throughout the test object. 
8.8. Comparison of the Holographically Generated 
Tomographic Plane to a Tomogram 
A. Hasenkamp (38) of Sandia Laboratories located in 
Albuquerque, New Mexico, has constructed a tomographic 
imaging system that will image plane thicknesses of 50 um. 
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This tomographic system was used in this study to obtain a 
tomographic image of the rod structure. A photograph of the 
tomogram imaged in plane five is presented in Fig. 8.16. 
The fineness of the cut is detrimental in this case. The 
lead numeral was not in a flat plane and the drilled holes 
were not all in the same plane. Thus, these imperfections 
are seen in the tomogram as the numeral five is not recog­
nizable and the pattern of drilled holes is not distinct. 
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IX. CONCLUSION AND RECOMMENDATIONS 
9.1. Introduction 
The objective of this investigation was to determine 
the effectiveness of holographic-recording techniques, 
coupled with a sequence of two-dimensional X-ray generated 
radiographs, to produce an aerial image to show the internal 
details of a radiopaque object. The technique developed 
for this study was a method of reintroducing the proper phase 
into each roentgenogram, with correct geometric optics, and 
using holographic recording such that an aerial image would 
be generated. The aerial image was shown to be capable of 
not only viewing planes parallel to the scan direction but 
also oblique planes. In addition, the in-plane detail 
observable was shown to be a function of the scan motion, 
e.g., a scan in the direction of a discontinuity would not 
"wash-out" that discontinuity but flaws or details normal to 
the scan direction would be "washed-out". 
The maximum scan angle, 2a, capable of being used on a 
full scale basis with the equipment available was 10®. The 
in-plane resolution was measured to be about 1mm. The depth 
resolution was measured to be + 1.5mm for a scan angle, 2a, 
of 10®. 
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9.2. Recommendations 
The amount of blurring of planes to be obscured is a 
function of the total scan angle and the number of images 
integrated to obtain a tomographic plane. The following 
recommendations are made as suggestions to improve upon the 
study. 
(1) It is suggested that each original radiograph be down-
scaled by photographic reduction. This would allow : 
(a) an in-depth study of scan-angle versus in-plane and 
depth resolution and (b) an in-depth study of the 
number of images versus in-plane and depth resolution. 
(2) It is suggested that because the linear scan attenuates 
only spatial frequencies in the scan direction, more 
complex scan geometries should be used and reproduced 
for holographic recording. 
(3) Since small details are of more interest than larger 
details, i.e., small cracks in the fuel rods versus 
large cracks in the fuel rods, some type of optical 
filtering process could be used to attenuate the low 
spatial frequency components which will be the dominant 
spectrum of the larger cracks, and not attenuate the 
high frequency components of small cracks. Then, the 
small cracks would be effectively enhanced and the large 
crack images would be attenuated. 
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(4) It is further suggested that as an alternative to "down-
scaling" the images, a larger collimated reference beam 
be generated possibly by using fibre optics. Since the 
image vertical dimension is small, viz., less than 25 mm, 
a series of small lenses could be used or, if a line 
source could be generated, a long cylindrical lens could 
be used. 
9.3. Conclusions 
In conclusion, this study has demonstrated that a sequence 
of two-dimensional point-source X-ray generated radiographs 
can be used together with holographic recording techniques to 
generate a full-sized three-dimensional aerial image which can 
be continuously tomographically scanned. With a very limited 
scan angle, 2a, of 10° and seven individual images, results 
comparable to the early laminagraphic results were obtained 
but with the added capability of viewing of oblique planes. 
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XII. APPENDIX A: MATHEMATICAL OPERATIONS 
12.1. Two-Dimensional Fourier Transform 
The Fourier transform of a complex function g(x,y) is 
defined as 
+ 00 
G(fxrfy) =«f{g(x,y)} = g(x,y) exp[-j27r(f^x+fyy)dxdy 
(A.l) 
where f^,fy are spatial frequencies in the transform plane 
with units of cycles per linear dimension. The inverse 
Fourier transform of the function G(f^^fy) is written as 
+ 00 
f~ ^ { G ( f x / f y )  } = 1 I G(f^,fy) exp[j2Tr(fj^x+fyy) ]df^dfy 
(A.2) 
12.2. Linearity Theorem 
f{ag+gh} = af{g} + gjRh} 
Thus the Fourier transform of a sum is the sum of the 
transforms where a and B are complex multipliers. 
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12.3. Convolution Theorem 
and 
If #"{g(x,y) } = G(f^,fy) 
#{h(x,y) } = H(f^,fy) 
then 
.+00 . 
J 9(S,n) h(x-5, y-n) dÇdn} = [G(f^,fy)][(H(f^,fy)] 
which is usually written as 
f+ 00 
iF{ g(g,n) h(x-Ç,y-Ti) dÇdri} = 5l[g(x,y) }** ,.{h(x,y) | 
where ** denotes the two dimensional convolution operation. 
12.4. The Shift Theorem 
If f{g(x,y)} = Gff^rfy) 
then 
J{g(x-a, y-b) } = G(f^,fy) exp[-j2Tr (f^a+f^b) ] 
which says that the transform of a function which is shifted 
in the spatial domain is the Fourier transform of the un-
shifted function times a phase factor. 
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XIII. APPENDIX B: FOURIER TRANSFORM OF ONE-DIMENSIONAL 
RECT FUNCTION 
Given a rect function in the spatial domain which has 
a height of 1/A and a length of A, see Fig. B.l, the one-
dimensional Fourier transform can be written as 
Î 
A 
X 
A 
2 
A 
2 
Figure B.l. Rect function in the space domain 
iî{rect = X exp[-j2Tr f x]dx 
A zi J_A/2 ^ 
Eg. B.l can be rewritten using the Euler relation, 
exp[-j6] = cos 0 -j sin 6 
Hence 
A/2 
-A/2 
exp[-j2nf X dx 
X =h: 
A/2 
cos 27rf xdx 
A/2 ^ 
L 
A/2 
- 3 I sin 2irf..xdx} 
-A/2 X 
(B.l) 
(B.2) 
(B.3) 
Since the cosine is an even function and sin is an odd 
function, this can be reduced to 
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rA/2 1 1 A/2 
Aj_A/2 2Trf^xdx = sin 2Trf^x]_^/2 (B'*) 
Hence, this becomes 
^ [sin 2ïïf^ I + sin 27rf^A/2] 
sin irf A 
X 
= Sine(f A) (B.5) irf A X 
186 
XIV. APPENDIX C: MATHEMATICAL ANALYSIS SHOWING 
EFFECT OF SEPARATION ANGLE ON SPATIAL 
FREQUENCY OF THE INTERFERENCE FRINGES 
Fig. C.l illustrates a single wavefront division method 
for illuminating a transmission subject with a coherent plane 
wave and deriving an off-axis plane wave reference by the 
same source. 
Prism 
Transparency Holographic 
Plate 
Figure C.l. Simple arrangement for deriving a reference wave 
from a single plane wave 
by 
Let a plane wave for the reference beam be represented 
> -i&R-r 
R(x,y,z) = R[t) = R e 
— o 
where 
r is a position vector, 
^ is the reference wave vector, and 
I& I = k =-^ is the wave number. 
R A 
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and the object beam be represented by the plane wave 
-i&a-r 
Now 
Mx,y,z) = A(r) = 
= -Ugk cos 0 - Uyk sin 0 
= -(Ugk cos 8 + Uyk sin 0) 
kg. = 
and ^ 
r = u^z + Uyy + 
where u_, u , u are unit vectors, 
z' y ' X 
Hence 
kg/r = -(zk cos 0 + yk sin 0) 
k^*r = -zk 
(C.l) 
(C.3) 
Assume that all x directed waves are parallel. 
In addition, for thin holograms, the z plane is the z 
equal 0 plane. Hence 
and 
k-r = -yk sin 0 (C.4) 
= 0 
From Fig. C.2 
Sin 0 = ^  (C.5) 
and ' where fy is the spatial frequency in cycles 
per millimeter or other linear dimension. 
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Figure C.2. Relationship between spatial frequency, 
and the relative geometry of the reference and 
object beams 
The spatial frequency, f^, can be written from Eq. 
(C.4) as 
or 
-y k sin 0 = (-y) (^) (^) = -y2n f^ 
f _ sin 0 
*y - —r- (C.5) 
where 0 is the total angle between the object and reference 
beams and A is the wave length of the monochromatic light 
used. 
An alternative configuration for making holograms is 
shown in Fig. C.3 below in the y-z plane 
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y 
; 
y\ 
X / j 
\ 
X 
Figure C.3. Alternative relative geometry for the reference 
and object beams 
is the reference wave vector 
> 
is the object wave vector 
Let the object wave be represented as 
A(r) = |A(r)| exp(-jk^'r) = |A(r) | exp{-j(|)^ (r) ) (C.6) 
Let the reference wave be represented as 
R(f) = RQ exp(-j&^.r) = expf-j^^fr)) (C.7) 
where (J)^ and <p^ are the phase angles of the object beam and 
reference beam respectively. 
Now the wave vectors can be written as 
= -Ugk cos 0^ + n^k sin (C.8) 
and 
k^ = -Ugk cos 0^ - Uyk sin 8^ 
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where u ,u are unit vectors in the z and y directions 2 y 
respectively. The position vector r(y,z) can be written as 
. r = UgZ + u^y (C.9) 
Hence 
^^•r = -zk cos 0^ + yk sin 0^ = <l>^ (C.IO) 
kj^*r = zk cos 0^ - yk sin 0p = (p^ (C.ll) 
The intensity at the holographic plate can be written as 
I(x,y) = A(r)A(r) * + R(r)R* (r) + A* (r)R(r) + A(r) R* (r) 
= I^(x,y)+Ij^(x,y) + |A(r) I exp(j<})^ (r) ) R^ expf-j^^fr) 
+ |A(r) I exp (r) R^ exp(jO^(r) 
= I^(x,y)+Ij^(x,y)+2 |A(r) i R^ cosfO^-^a) (C.12) 
The maximum intensity will be formed wherever the argument 
of the cosine term is a multiple of 2ir. Hence the phase 
difference must be 
= 2mTr (C.13) 
But using Eqs. C.IO and C.ll 
= (-zk cos 0jj-yk sin 0^) - (-zk cos sin 0^) 
= 2m7r 
or 
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zk(cos 0^-cos 8^) - yk(sin 9^+sin 8^) = 2imr 
zk(oos e^-cos 9jj) 2m* 
k(sin 0^+sin 8^) ^ k(sin e^+sin 6^) 
2(cos e^-cos eg) 2^, 
^ sin 6^+sin 8^ k(sin S^+sin 8^) ^ ' 
Note that k is the wave number, 
k = ^  (C.15) 
Eg. C.14 becomes 
cos 6^-cos e_ , 
y ^ sin 6 +sin 8^ " sin 0 +sin 0 (C.16) 
A R A R 
For a thin hologram, z=0 is the plane of interest; hence 
^ ~ sin 8^+sin 8^ (C.l?) 
and if 0^ = 0j^ 
Y = âikr <C'i8) 
What is of interest is the fringe spacing, f^, 
f = ^ 
y Ay 
The negative sign can therefore be neglected and Eq. C.18 
can be written as 
fy = (C.19) 
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Thus the distance between fringes, Ay, is a function of the 
angle between the object and reference beam and the wave 
length of light used. 
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XV. APPENDIX D: EXPOSURE-TRANSMITTANCE CHARACTERISTICS 
OF EASTMAN KODAK 649F FILM EMULSION 
ON .040 IN. GLASS PLATES 
Fig. D.l below is a typical H-D curve for Eastman Kodak 
649F emulsion on .040 in. thick glass plate. 
Figure. D.l. 
I I I I I I 1 1 1 TT 
5 10 20 50 
Relative Exposure 
H-D curve for 649F emulsion on .040 in. glass 
plate. Exposure made with He-Ne laser, X = 
0.6328 ym 
This H-D curve was experimentally obtained using a known 
density photographic step-wedge and using a He-Ne laser whose 
wavelength was 0.6328 ym. Most photographic work is charac­
teristically performed near the linear region of the H-D curve 
and the y of the film is important. In the early holography 
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studies of Gabor (12), the method used was in-line holography 
where the intensity was sufficient to assume that the linear 
portion of the H-D curve was of interest. However, with the 
advent of the off-axis technique of Leith and Upatniks (13), 
the nonlinear portion of the curve became significant. 
Fidelity of the image was shown to occur if the exposure is 
linearly related to the amplitude transmittance of the 
developed holographic plate. 
As discussed in the text, the amplitude transmittance, 
t(x,y), can be taken as the positive square root of the 
intensity transmittance, T(x,y), if it is assumed that no 
relative phase shifts occur. Thus, 
t(x,y) = +/T (x,y) (D.l) 
and a new curve can be generated relating amplitude trans­
mittance to the exposure of the film. This is often referred 
to as a t-E curve. Since no primary standard was available 
as a calibration standard, the exposure is shown as a relative 
exposure and not an absolute exposure. The resulting t-E 
curve for 649F emulsion is shown in Fig. D.2. 
« 
It is to be noted that the t-E curve, as well as the H-D 
curve, will change depending upon the wavelength of light 
used and also the development time used. 
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T 
80 120 140 
Relative Exposure, E 
Figure D.2. Amplitude transmittance versus exposure for 
649F emulsion on .040 in. glass plate 
Absolute transmittance characteristics have been deter­
mined by Collier et al. (9) and by Reynolds et al. of IBM (39) 
These absolute measurements are shown in Fig. D.3 and the slope 
of the straight line portion of the t-E curve for a 5 minute 
2 development time is determined to be .0117 (%t-cm )/\iJ. Note 
the difference in slopes of the cruves as a function of the 
development time. 
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Figure D.3. Effect of development time on the amplitude 
transmission of 649 E emulsion. Curves 
(a)f (c), (d), obtained by IBM (39), curve (b) 
obtained by Collier et al. (9) 
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XVI. APPENDIX E: THICK EMULSION FRINGE ANGLE 
Figure E.l. 
Let 
A(r) = 
R(r) = 
Schematic of the wave vectors in the y-z hologram 
plane 
|A(r) |e = |A(r) | e 
|R(r) le = |R(r) | e 
= -u^k cos + Uyk sin 0^ 
4 = -Ugk cos 0JJ - Uy sin 0^ 
(E.2) 
then 
= u^z . «Y. + u y + u^x 
2 
0^+yk sin 0^ = 4»^ r = -zk cos H 
Ép/r = -zk cos 0p' e^-y sin ejj = •j, 
(E.3) 
(E.4) 
(E.5) 
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Now intensity at a point x,y is written as 
I(x,y) = A(r)A(r) * + R(2)R(f)* + A*(f)R(f) + A(r)R(r)* 
(E.6) 
= I^(x^y)+Ij^(x^y) + |A(è) I exp(j(J)^(r) R^ exp(-j())j^(r) ) 
+ |A(r) I exp(-j<j)^(r) R^ exp(+j({)j^(r) ) 
= I^(X/y)+Ijj(Xj^y) + |A(r) | R^ exp (-j ) 
+ |A| R^ exp(+j(*R-*a) 
^ lA(*iy)+lR(*iy)+2|A(r)| R^ cos(*g-*^) (E.7) 
The maximum intensity is formed wherever the argument of 
the cosine term is a multiple of 2ir, Hence the phase dif­
ference must be 
= 2mTr 
m = O f  1 /  2f 
But from Eqs. E.4 and E.5 
(-zk cos 8p-yk sin 9^) - (-zk cos 0^+yk sin 0^) = 2m7r 
or 
zk(cos 8^-cos 0p) - yk(sin 0^+sin 0^) = 2ra7r 
or 
zk(cos 0^-cos 0^) - 2mTr = yk(sin 0^+sin 8^) 
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zk(cos e^-cos e^) _ 2m7r 
k(sin 0^+sin 8^) k(sin 6^+sin 8^) ^ 
but 
or 
2(cos 8^-cos 8^) ^ 
(sin 0^+sin 8^) sin e^+sin 8^ ~ ^  
This is the general form of a straight line equation where 
cos 6^-cos 6p 
sin e^+sin eg sl°Pe the line 
and 
sin G^+sin Ag the y intercept. 
In the z=0 plane, and for 8^ identically equal to 8^, the 
fringe spacing y becomes 
= 2515-6^ (E-B) 
Let (j) be the angle the fringes make with the z-axis, then 
cos 8 -cos 8 cos 8 +COS 8 
" Sin 8^+sin 8^ " ~^sin B^+sin 8^^ (^.9) 
using the trigonometric identity 
cos A ~ gos B = cot |(A-B) (E.IO) 
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tan (P = tan 
or 
4» = §(8^-8^) (E.ll) 
Thus, the angle the fringes make with the z-axis bisects 
the angle between the wave vectors. 
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XVII. APPENDIX F: BRAGG CONDITION DISCUSSION 
Fig. F.l below is a schematic of a volume diffraction 
grating which is typical of a holographically recorded image 
in a thick emulsion. 
Emulsion 
•"* Thickness ~ 
Incident^ 
Plane-wavi Diffracted 
Plane-wave 
d= distance between 
fringes 
Figure F.l. Volume diffraction grating 
When a coherent plane wave is incident on a diffraction 
grating, the condition required for constructive addition of 
diffracted light is the satisfying of the grating equation 
d(sin i + sin 6) =nA (F.l) 
where 
d is the grating spacing 
i is the angle of incidence 
6 is the angle of reflection 
n is the order of diffraction (taken as being equal to 
one in the remainder of this discussion). 
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Incident 
Plane-Wave 
^Diffracted 
—Plane-wave 
Figure F.2. Plane diffraction grating 
Maximum diffraction occurs when the grating angles of 
incidence and angle of reflection are equal. Hence, Eq. 
F.l becomes 
2d sin 6 = A (F.2) 
This is the so-called Bragg condition. 
Comparison of Eq. F.2 to Eq. C.19, viz.. 
Ay = ^ 
2sin 8* 
A 
then 
d = Ay (F.3) 
2sin 6^ = X = 2sin 6 (F.4) 
which indicates that for maximum reconstruction brightness 
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the angle the reconstruction beam makes with the hologram 
optical axis should be equal to the angle the original 
reference beam made with the hologram optical axis. 
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XVIII. APPENDIX G: EFFECT OF HOLOGRAPHIC RECORDING 
PARAMETERS ON DIFFRACTION EFFICIENCY 
The diffraction efficiency of holograms is effected by 
several parameters. In 1967, International Business Machines 
(39), under a United States Air Force grant, investigated 
several of these parameters. Three of these parameters and 
their effect on the diffraction efficiency will be presented 
here. The first of these. Fig. G.l, shows the effect of 
exposure on diffraction efficiency for a 649F spectroscopic 
plate. Fig. G.2 presents the effect of the angle between the 
reference and object beams on the diffraction efficiency. 
Another factor effecting diffraction efficiency is the beam 
intensity ratio, viz., the ratio of the reference beam inten­
sity to object beam intensity. This is shown in Fig. G.3. 
4J 
g 
S 0) 04 
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•H O 
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§ 
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M <4-1 
•H Q 
Figure G.l. 
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T 1 r 
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Log Exposure, E, yJ/cm 
Effect of exposure on diffraction efficiency 
(from IBM (39)) 
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Figure G.2. Effect of total included angle between reference 
and object beams on diffraction efficiency for a 
649F spectroscopic plate (from IBM (39)) 
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Figure G.3. Effect of beam intensity ratio on diffraction 
efficiency of a hologram using 649P emulsion 
(from IBM (39)) 
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XIV. APPENDIX H: PARAXIAL APPROXIMATION 
y 
Lens 
Source 
Figure H.l. Simple lens with spherical wave impinging 
Light rays for which the angle B is small enough so that 
cosine 3 may be set equal to unity and sin 3 equal to 3 are 
called paraxial rays. This implies that only those rays 
close to the optical axis are considered. 
A spherical wave impinging on a lens can be represented 
by 
A^e-ikr 
U = — (H.l) 
S r 
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where 
r is the radius of curvature 
A is the amplitude at a given radius 
2IT  k is the wave number^ -j-
The radius, r, can be written for a general location of the 
point source as 
y~~2 2 2 
r = X + y + z (H.2) 
which can be rewritten as 
= z\/l + 
""V (H.3) 
z 
x2+y2 
Assuming that —< 1, Eq. H.3 can be expanded by 
z 
the binomial expansion of the square root as 
r = :(1 + (H.4) 
2z'' 8z 
For large z values, Eq. H.4 can be truncated at the 
quadratic term and is often called the Fresnel approximation. 
Thus, Eq. H.2 becomes approximated as 
r = + y^ + z^ = z(l + ^ ) (H.5) 
2z 
This is known as the paraxial approximation. Substituting 
Eq. H.5 into Eq. H.l, yields 
v'""" ' 
2z^ 
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Expanding Eg. H.5 as 
x2+v2 
-jkz -jkz( 
AQB e 2ir 
U  =  —  ( H . 7 )  
2z' 
~ T kz 
and dropping e as an uninteresting constant. Eg. H.7 
becomes 
"• • irrrspr 
For large z. 
« 1 
2z 
Hence, Eq. H.8 becomes 
"s = 
(H.9) 
which is the usual equation for a diverging spherical wave with 
paraxial (quadratic) approximation. 
